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1 Ââåäåíèå

Èçó÷åíèå êâàíòîâîé òåîðèè ïîëÿ íà ôîíå èñêðèâëåííîé ìåòðèêè ÿâëÿåòñÿ âàæíûì
ïðåäìåòîì èçó÷åíèÿ íà ïóòè ê êâàíòîâîé ãðàâèòàöèè. Â ðàìêàõ òàêîãî èçó÷åíèÿ
ïðîñòðàíñòâî äå Ñèòòåðà ïðåäñòàâëÿåò áîëüøîé èíòåðåñ, òàê êàê îáëàäàåò áîãàòîé
ãðóïïîé ñèììåòðèé.
Â äàííîé ðàáîòå èññëåäóåòñÿ êâàíòîâàÿ ñòðóêòóðà áåçìàññîâîãî ñêàëÿðíîãî ïî-

ëÿ â ìîäåëè èíôëÿöèè. Ðàáîòà ñîñòîèò èç äâóõ ÷àñòåé. Â ïåðâîé âîñïðîèçâîäèòñÿ
ðåçóëüòàò, âïåðâûå ïîëó÷åííûé Ñòàðîáèíñêèì è ßêîÿìîé [3], òàê íàçûâàåìûé ñòîõà-
ñòè÷åñêèé ïîäõîä, êîòîðûé ñâîäèò çàäà÷ó î íàõîæäåíèè êîððåëÿöèîííûõ ôóíêöèé ê
ðåøåíèþ êëàññè÷åñêîãî óðàâíåíèÿ � óðàâíåíèÿ Ëàíæåâåíà. Âîçìîæíî, ýòîò ðåçóëü-
òàò âîñïðîèçâîäèò îòâåò âî âñåõ ïîðÿäêàõ ïî òåîðèè âîçìóùåíèé. Âî âòîðîé ÷àñòè
ðàáîòû áûëà ñäåëàíà îäíîïåòëåâàÿ ïðîâåðêà ¾ñòîõàñòè÷åñêîãî¿ ðåçóëüòàòà äëÿ òåî-
ðèè λφ4 ñ ïîìîùüþ êâàíòîâîãî ìåòîäà � äèàãðàììíîé òåõíèêèØâèíãåðà-Êåëäûøà.
Òàêæå ìû ïðîâåðèëè íà îäíîïåòëåâîì óðîâíå, ÷òî ðåçóëüòàò íå çàâèñèò îò âûáîðà
íà÷àëüíîãî ñîñòîÿíèÿ.
Â çàêëþ÷åíèè ïðåäñòàâëåíà ÷àñòü äâóõïåòåëüíîãî âû÷èñëåíèÿ, êîòîðîå åùå íå

çàâåðøåíî.
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2 Ïîñòàíîâêà çàäà÷è

Â ðàáîòå èçó÷àåòñÿ áåçìàññîâîå ñêàëÿðíîå ïîëå â D = 3+1 ñ ñàìîäåéñòâèåì íà ôîíå
âíåøíåé ôèêñèðîâàííîé ìåòðèêè ðàñøèðÿþùåãîñÿ äå Ñèòòåðà:

L = −1

2

√
−ggµν∂µφ∂νφ−

√
−gV (φ). (2.1)

Ìåòðèêà äàåòñÿ âûðàæåíèåì:

ds2 = −dt2 + a2(t)d~x · d~x, (2.2)

ãäå

a(t) = eHt. (2.3)

Çäåñü H � ïîñòîÿííàÿ Õàááëà. Â äàëüíåéøåì, èçó÷àÿ ñòîõàñòè÷åñêèé ïîäõîä, ìû
áóäåì ðàáîòàòü â êîîðäèíàòàõ (~x, t). Îäíàêî, ïðè ðàáîòå ñ äèàãðàììíîé òåõíèêîé
Êåëäûøà, áîëåå óäîáíî ñòàíåò èñïîëüçîâàòü äðóãèå êîîðäèíàòû, âûðàæåííûå â òåð-
ìèíàõ êîíôîðìíîãî âðåìåíè η. Â êîîðäèíàòàõ (~x, η) ìåòðèêà èìååò âèä:

ds2 = a2(η)(−dη2 + d~x · d~x), dη =
dt

a(t)
. (2.4)

Íàñ áóäåò èíòåðåñîâàòü äèíàìèêà êîððåëÿöèîííûõ ôóíêöèé â ñîâïàäàþùèõ ¾òî÷-
êàõ¿ â çàâèñèìîñòè îò âðåìåíè 〈Ω|φ2(~x, t) |Ω〉. Â êà÷åñòâå ñîñòîÿíèÿ |Ω〉 âçÿò ò. í.
âàêóóì Áàí÷è-Äýâèñà, îäíàêî â äàëüíåéøåì ìû îáñóäèì è óñðåäíåíèå â ñëó÷àå ïðî-
èçâîëüíîãî ñîñòîÿíèÿ.
Ñòîõàñòè÷åñêèé ïîäõîä çàìå÷àòåëåí òåì, ÷òî â íåêîòîðîì ñìûñëå îí íå òðåáóåò

ñïåöèôèêàöèè âèäà ïîòåíöèàëà V (φ). Ïîýòîìó ñíà÷àëà, ðàçâèâàÿ ñòîõàñòè÷åñêèé
ïîäõîä, ìû òîæå íå ñòàíåì êîíêðåòèçèðîâàòü V (φ), íî çàòåì, ïîëó÷èâ óðàâíåíèå
Ëàíæåâåíà, ìû áóäåì ðåøàòü åãî ïðè V (φ) = λφ4 è ñêîíöåíòðèðóåì íàøè äàëüíåé-
øèå óñèëèÿ òîëüêî íà ýòîì ñëó÷àå.
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3 Ñòîõàñòè÷åñêèé ïîäõîä

3.1 Èíôðàêðàñíàÿ äèíàìèêà

Äëÿ íà÷àëà ñëåäóåò çàäàòüñÿ âîïðîñîì, êàê âåäåò ñåáÿ ñâîáîäíûé êîððåëÿòîð 〈Ω|φ2(~x, t) |Ω〉
ïðè V (φ) = 0. Äëÿ ýòîãî ìû áóäåì èñïîëüçîâàòü êàíîíè÷åñêîå êâàíòîâàíèå.
Íåñëîæíî ïîëó÷èòü óðàâíåíèå äâèæåíèÿ äëÿ φ.

φ̈+ 3Hφ̇− 1

a2
∇2φ+ V ′(φ) = 0. (3.1)

Òàêæå íåòðóäíî ïðîâåðèòü, ÷òî ñëåäóþùèå ãàðìîíèêè

u(t, k) =
H√
2k3

(
1− ik

Ha

)
e

ik
Ha (3.2)

ðåøàþò ñâîáîäíîå óðàâíåíèå äâèæåíèÿ

φ̈0 + 3Hφ̇0 +
k2

a2
φ0 = 0. (3.3)

Ñâîáîäíîå ïîëå φ0(t, ~x) ìîæåò áûòü êàíîíè÷åñêè ïðîêâàíòîâàíà â òåðìèíàõ ãàð-
ìîíèê u(t, k) (3.3) è îïåðàòîðîâ ðîæäåíèÿ è óíè÷òîæåíèÿ:

φ0(t, ~x) =

∫
d3k

(2π)3

(
ei
~k~xu(t, ~x)α~k + h.c.

)
, (3.4)

[
α~k, α

†
~k′

]
= (2π)3δ3(~k − ~k′). (3.5)

Ñëåäóÿ Òñàìèñó è Âóäàðäó [4], ìû áóäåì ñëåäèòü òîëüêî çà èíôðàêðàñíûì âêëàäîì
â êîððåëÿöèîííûå ôóíêöèè. Òàêèì îáðàçîì, ìû ìîæåì ðàçäåëèòü íàøè ìîäû íà
äâà òèïà

• èíôðàêðàñíûå =⇒ H < k < Ha(t),

• óëüòðàôèîëåòîâûå =⇒ k > Ha(t).

Îãðàíè÷èâàÿ íàøè ïîëåâûå îïåðàòîðû íà èíôðàêðàñíóþ îáëàñòü, ïîëó÷àåì

φ0(t, ~x) =

∫
d3k

(2π)3
θ(Ha(t)− k)θ(k −H)

(
ei
~k~xu(t, ~x)α~k + h.c.

)
. (3.6)

Òåïåðü ìîæíî âû÷èñëèòü âàêóóìíîå îæèäàíèå φ2
0:

〈0|φ2
0 |0〉 = 〈0|

∫
d3k

(2π)3

d3k′

(2π)3
θ(Ha− k)θ(Ha− k′)αkα†k′e

−i(k−k′)xu(t, k)u∗(t, k′) |0〉 .

(3.7)

Èñïîëüçóÿ ñîîòíîøåíèÿ íîðìèðîâêè

〈0|αkα†k′ |0〉 = (2π)3δ(k − k′),

5



íåñëîæíî ïîëó÷èòü

〈0|Φ2
0 |0〉 =

∫
d3k

(2π)3
θ(Ha− k)θ(k −H)

H2

2k3

(
1 +

k2

H2a2

)
=
H2

4π2

∫ Ha

H

dk

k

(
1 +

k2

H2a2

)
.

(3.8)

Òàêèì îáðàçîì, ìû ïðèõîäèì ê îòâåòó

〈0|Φ2
0 |0〉 =

(
H

2π

)2(
ln a+

1

2
− 1

2a2

)
. (3.9)

Òî åñòü, êîððåëÿöèè ëèíåéíî ðàñòóò ïî âðåìåíè.

3.2 Âûäåëåíèå âåäóùåãî èíôðàêðàñíîãî âêëàäà

Äëÿ íà÷àëà ñëåäóåò ïîñìîòðåòü íà êîììóòàòîð φ ñ åãî ïðîèçâîäíîé ïî âðåìåíè φ̇.[
Φ0(t, ~x), Φ̇0(t, ~x′)

]
=

∫
d3k

(2π)3
θ(Ha− k)θ(k −H) (uu̇∗ − u∗u̇) ei

~k(~x−~x′), (3.10)

uu̇∗ − u∗u̇ =
i

a3(t)
. (3.11)

Ñëåäîâàòåëüíî,[
Φ0(t, ~x), Φ̇0(t, ~x′)

]
=

i

4π2a3

∫ Ha

H

dkk
sin(k(x− x′))

x− x′
6= 0. (3.12)

Êàê è îæèäàëîñü, êîììóòàòîð íå ðàâåí íóëþ, ÷òî ÿâëÿåòñÿ ñëåäñòâèåì êâàíòîâîé
ïðèðîäû φ.
Âíèìàòåëüíî ãëÿäÿ íà ôîðìóëû (3.8) è (3.9) ìîæíî çàìåòèòü, ÷òî ëèäèðóþùèé

ëîãàðèôì âîçíèêàåò èñêëþ÷èòåëüíî èç ïåðâîãî êîíñòàíòíîãî ÷ëåíà íàøèõ ãàðìîíèê

uIR ∼
H√
2k3

. (3.13)

Îñòàâèâ òîëüêî êîíñòàíòíûé âêëàä â ãàðìîíèêè

φIR(t, ~x) =

∫
d3k

(2π)3
θ(Ha− k)θ(k −H)

H√
2k3

(
ei
~k~xα~k + h.c.

)
, (3.14)

ìîæíî âû÷èñëèòü êîììóòàòîð â òàêèõ ãàðìîíèêàõ[
φIR(t, ~x), φ̇IR(t, ~x′)

]
= 0. (3.15)

Îáíóëåíèå êîììóòàòîðà îçíà÷àåò, ÷òî ïîëå φIR ìîæíî ñ÷èòàòü êëàññè÷åñêèì. Òîãäà
îïåðàòîðû ðîæäåíèÿ-óíè÷òîæåíèÿ α è α† ìîæíî èíòåðïðåòèðîâàòü êàê ñëó÷àéíûå
ñòîõàñòè÷åñêèå ïåðåìåííûå.
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3.3 Óðàâíåíèå Ëàíæåâåíà

Ðàç ïîëå φ ìîæíî èòåðïðåòèðîâàòü êàê êëàññè÷åñêîå, òî ïîÿâëÿåòñÿ íàäåæäà, ÷òî
íà íåãî ìîæíî ïîëó÷èòü êëàññè÷åñêîå óðàâíåíèå â ñëó÷àå V (φ) 6= 0.
Ôóíêöèÿ Ãðèíà çàïèñûâàåòñÿ ñòàíäàðòíûì îáðàçîì:

Gret(t, ~x, t
′, ~x′) = iθ(t− t′)

∫
d3k

(2π)3
(u(t, k)u∗(t′, k)− u∗(t, k)u(t′, k)) ei

~k(~x−~x′). (3.16)

Ìîæíî ïðîâåðèòü, ÷òî

(u(t, k)u∗(t′, k)− u∗(t, k)u(t′, k)) =
i

3H

(
1

a3(t′)
− 1

a3(t)

)
+O(k2). (3.17)

Ñëåäÿ ëèøü çà âðåìåíàìè t > t′, ïîëó÷àåì

a′3GIR
ret(t, ~x, t

′, ~x′) ∼ 1

3H
θ(t− t′)δ(~x− ~x′). (3.18)

Ïîäñòàâëÿÿ ïîëó÷åííóþ ôîðìó ôóíêöèè Ãðèíà, ïîëó÷àåì

φ(t, ~x) = φIR(t, ~x)− 1

3H

∫ t

0

dt′V ′(φ(t′, ~x)). (3.19)

Îñòàëîñü òîëüêî ïðîäèôôåðåíöèðîâàòü ïîñëåäíåå óðàâíåíèå ïî âðåìåíè t:

φ̇(t, ~x) = φ̇IR(t, ~x)− 1

3H
V ′(φ(t, ~x)). (3.20)

Ïîëó÷åííîå óðàâíåíèå � ýòî óðàâíåíèå Ëàíæåâåíà íà êëàññè÷åñêóþ âåëè÷èíó φ(t, ~x).
Ïðîèíòåðïðåòèðóåì φ̇IR(t, ~x) êàê ñòîõàñòè÷åñêèé èñòî÷íèê è ïðîâåðèì, ÷òî îí ÿâ-
ëÿåòñÿ áåëûì ãàóññîâûì øóìîì.
Âî-ïåðâûõ,

φ̇IR(t, ~x) =

∫
d3k

(2π)3
δ(Ha− k)θ(k −H)

H3a√
k3

(
eikxαk + h.c.

)
. (3.21)

Òîãäà êîððåëÿòîð ðàâåí

〈0| φ̇IR(t, ~x)φ̇IR(t′, ~x) |0〉 = 〈0|
∫

d3k

(2π)3

d3k′

(2π)3

δ(Ha(t)− k)√
2k3

δ(Ha(t′)− k′)√
2k3

(3.22)

H6a(t)a(t′)ei(k−k
′)xαkα

†
k′ |0〉 =

H3

4π2
δ(t− t′). (3.23)

3.4 Â ñëó÷àå ïðîèçâîëüíîãî ñîñòîÿíèÿ

Ïîêàæåì, ÷òî âûâîä óðàâíåíèÿ Ëàíæåâåíà íå çàâèñèò îò íà÷àëüíîãî ñîñòîÿíèÿ.
Èòàê, â ñëó÷àå ïðîèçâîëüíîãî ñîñòîÿíèÿ

〈Ω|α†kαk′ |Ω〉 = (2π)3δ(k − k′)nk. (3.24)

Ñëåäóåò ñëåäèòü çà òðåìÿ âåùàìè.
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1. Çàïàçäûâàþùàÿ ôóíêöèÿ Ãðèíà îñòàíåòñÿ â òî÷íîñòè òàêîé æå, òàê êàê êîì-
ìóòàòîð [φ(x), φ(x′)] ÿâëÿåòñÿ ïðîñòî ñ-÷èñëîì. Ïîýòîìó óñðåäíåíèå íå çàâèñèò
îò âûáîðà ñîñòîÿíèÿ.

2. Ñðåäíåå çíà÷åíèå äàåòñÿ âûðàæåíèåì

〈Ω|φ2
0(x) |Ω〉 = 〈0|φ2

0(x) |0〉+ 2

∫
d3k

(2π)3
|φk|2nk →

→ 〈0|φ2
0(x) |0〉+

H2

(2π)3

∫
d3k

k3
nk.

(3.25)

Çäåñü áûë âçÿò ïðåäåë t→ +∞. Ëèíåéíûå ðîñò ïî âðåìåíè ñîõðàíÿåòñÿ íåçà-
âèñèìî îò nk.

3. Îñòàëîñü òîëüêî ïðîâåðèòü, ÷òî øóì, ôèãóðèðóþùèé â óðàâíåíèè Ëàíæåâåíà,
ïî-ïðåæíåìó îñòàåòñÿ ãàóññîâûì áåëûì øóìîì.

〈Ω| φ̇0(t, ~x)φ̇0(t′, ~x) |Ω〉 =
H4

4π2
δ(t− t′)(1 + 2nHa(t)). (3.26)

Øóì çàâèñèò îò âðåìåíè, íî âñå åùå ÿâëÿåòñÿ áåëûì.

Òàêèì îáðàçîì, âûâîä óðàâíåíèÿ Ëàíæåâåíà ñïðàâåäëèâ âñëó÷àå ïðîèçâîëüíîãî
ñîñòîÿíèÿ â òîì æå ñìûñëå, â êàêîì îí ñïðàâåäëèâ äëÿ âàêóóìà Áàí÷à-Äåâèñà.

3.5 Ðåøåíèå óðàâíåíèÿ Ôîêêåðà-Ïëàíêà â ñëó÷àå V (φ) = λφ4

Ïîëó÷åííîå ðàíåå óðàâíåíèå Ëàíæåâåíà ýêâèâàëåíòíî óðàâíåíèþ Ôîêêåðà-Ïëàíêà.
Äëÿ ïîòåíöèàëà V (φ) = λφ4 ïîëó÷àåì

∂tρ(t, φ) =
λ

18H
∂φ(φ3ρ(t, φ)) +

H3

8π2
∂2
φ(ρ(t, φ)). (3.27)

Äëÿ òîãî, ÷òîáû ïîëó÷èòü ðåøåíèå ïðè ýòîãî óðàâíåíèÿ t→ +∞ ââåäåì àíçàö

lim
t→∞

ρ(t, φ) = ρ∞(φ). (3.28)

Àíçàö ïðèâîäèò ê óðàâíåíèþ ïåðâîãî ïîðÿäêà

dρ∞(φ)

ρ∞(φ)
= −4π2λ

9H4
φ3dφ, (3.29)

ðåøåíèå êîòîðîãî âïîëíå ïðîñòî

ρ∞(φ) =
2

Γ(1/4)

(
π2λ

9H4

)1/4

exp

(
−π

2

9
λ

(
φ

H

)4
)
. (3.30)

Ñ îäíîé ñòîðîíû

∂t 〈0|φ2n(t, ~x) |0〉 =

∫ +∞

−∞
dωρ̇(t, ω)ω2n. (3.31)
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C äðóãîé

∂t 〈0|φ2n(t, ~x) |0〉 =
n(2n− 1)H3

4π2
〈0|φ2n−2(t, ~x) |0〉 − nλ

9H
〈0|φ2n+2(t, ~x) |0〉 (3.32)

Ýòî óðàâíåíèå ìîæíî ðåøèòü èòåðàòèâíî. Îòâåò äëÿ φ2(t, ~x) ñëåäóþùèé:

〈0|φ2n(t, ~x) |0〉 =
H2

4π2
ln a

(
1− λ

36π2
ln2 a+

63

35

(
λ

36π2
ln2 a

)2

+ ...

)
(3.33)

Òàêèì îáðàçîì, êîððåëÿöèè ðàñòóò ïîëèíîìèàëüíî ïî âðåìåíè. Ñòåïåíü ïîëèíîìà
óâåëè÷èâàåòñÿ íà äâà ñ êàæäûì íîâûì ïîðÿäêîì ïî êîíñòàíòå ñâÿçè.
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4 Êåëäûøåâñêèé ïîäõîä, îäíîïåòëåâîå

âû÷èñëåíèå

Öåëüþ ýòîé ãëàâû ÿâëÿåòñÿ ïðîâåðêà ðåçóëüòàòà, ïîëó÷åííîãî ñ ïîìîùüþ ñòîõàñòè-
÷åñêîãî ïîäõîäà, ìåòîäàìè êâàíòîâîé òåîðèè ïîëÿ â îäíîé ïåòëå. Äëÿ âû÷èñëåíèÿ
áóäåò èñïîëüçîâàíà äèàãðàììíàÿ òåõíèêà Êåëäûøà-Øâèíãåðà.

4.1 Àíçàö äëÿ âû÷èñëåíèé â ñëó÷àå âàêóóìà Áàí÷-Äåâèñà

Äëÿ óäîáñòâà ìû áóäåì ðàáîòàòü â òåðìèíàõ êîíôîðìíîãî âðåìåíè η:

η =
1

Ha(t)
=

1

H
e−Ht. (4.1)

Òîãäà ãàðìîíèêè, ïåðåïèñàííûå â êîíôîðìíîì âðåìåíè:

u(η, k) =
H√
2k3

(1− ikη) eikη. (4.2)

È îäíîïåòëåâàÿ ïîïðàâêà ê êîððåëÿöèîííîé ôóíêöèè â ñîâïàäàþùèõ òî÷êàõ ðàâíà

K = −
∫ 1/η

H

4πk2dk

(2π)3

∫ 1/H

η

dτ

(2π)3

1

H4τ 4

∫ 1/τ

H

4πp2dp

(2π)3
K++. (4.3)

Çäåñü

K++ = G++(η, ηl, k)G++(ηl, ηl, p)G++(ηl, η, k)

−G+−(η, ηl, k)G−−(ηl, ηl, p)G−+(ηl, η, k),
(4.4)

ãäå

G(η1, η2, k) = u(η1, k)u∗(η2, k). (4.5)

G++(η1, η2, k) = G(η2, η1, k)θ(η2 − η1) +G(η1, η2, k)θ(η1 − η2). (4.6)

G−−(η1, η2, k) = G(η2, η1, k)θ(η1 − η2) +G(η1, η2, k)θ(η2 − η1). (4.7)

G+−(η1, η2, k) = G(η1, η2, k). (4.8)

G−+(η1, η2, k) = G(η2, η1, k). (4.9)

ηl è p � âðåìÿ è èìïóëüñ âíóòðè ïåòëè, à η è k � âðåìÿ è èìïóëüñ, ñîîòâåòñòâóþùèå
âíåøíèì ¾íîãàì¿.
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4.2 Îäíîïåòëåâîå âû÷èñëåíèå â ñëó÷àå âàêóóìà Áàí÷-Äåâèñà

Êàê áûëî ïîêàçàíî â ïðîøëîì ïàðàãðàôå, âûðàæåíèå äëÿ êîððåëÿöèîííîé ôóíê-
öèè â ñîâïàäàþùèõ òî÷êàõ çàïèñûâàåòñÿ êàê

K = −
∫ 1/η

H

4πk2dk

(2π)3

∫ 1/H

η

dτ

(2π)3

1

H4τ 4

∫ 1/τ

H

4πp2dp

(2π)3
K++. (4.10)

Ïðîèíòåãðèðîâàâ åãî ïî k, èãíîðèðóÿ ÷èñëåííûå ïðåôàêòîðû, ïîëó÷èì:

1

24p3(τ − η)
H3
(
p2τ 2 + 1

) (
H
(
8ητ + η2

(
3H2τ 2 − 4

)
− 4τ 2

)
cos(2H(η − τ))+

+η2H3
(
4η2 − 8ητ + τ 2

)
cos

(
2− 2τ

η

)
+ 2(η − τ)

((
H2
(
η2 + 4ητ + τ 2

)
+ 1
)

sin(2H(η − τ))+

+H3

(
−
(
η3 − τ 3

)
− Ei

(
−2i+

2iτ

η

)
− Ei

(
2i(η − τ)

η

)
+ Ei(−2iH(η − τ)) + Ei(2iH(η − τ))−

−η
(
2η2 + 4ητ + τ 2

)
sin

(
2− 2τ

η

)
)))

(4.11)

Ýòî âûðàæåíèå èìååò ïðåäåë ïðè η → +∞. Âçÿâ åãî, ïîëó÷àåì:∫ +∞

H

4πk2dk

(2π)3
K++ = − 1

12p3
iH3

(
p2τ 2 + 1

)
(2Hτ cos(2Hτ)+

+H3τ 3 (Ei(−2iHτ) + Ei(2iHτ))−
(
H2τ 2 + 1

)
sin(2Hτ)

)
+O(η).

(4.12)

Òåïåðü ìîæíî âçÿòü èíòåãðàë ïî âíóòðåííåìó èìïóëüñó p. Ïîñëå íåêîòîðûõ óïðî-
ùåíèé, ïîëó÷àåì:

iH3

12

(
−1

2
H2τ 2 − log(Hτ) +

1

2

)
(
2Hτ cos(2Hτ)−

(
H2τ 2 + 1

)
sin(2Hτ) + 2H3τ 3Ci(2Hτ)

)
.

(4.13)

Çäåñü Ci(x) = −
∫ +∞
x

cos t
t
dt.

Òàêèì îáðàçîì, êîððåëÿòîð ðàâåí:

K =

∫ 1/H

η

dτ

(
1

2τ 4
− H2

2τ 2
− lnHτ

τ 4

)
(
2Hτ cos(2Hτ)−

(
H2τ 2 + 1

)
sin(2Hτ) + 2H3τ 3Ci(2Hτ)

)
.

(4.14)
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Íåòðóäíî ïîêàçàòü, ÷òî èíòåãðàëüíûé êîñèíóñ Ci(x) ìîæíî ïðåäñòàâèòü â âèäå

Ci(x) = γ + lnx+
∞∑
k=0

(−1)kx2k

2k(2k)!
, (4.15)

ãäå γ � ïîñòîÿííàÿ Ýéëåðà-Ìàñêåðîíè.
Ïîäñòàâèâ âûðàæåíèå (4.15) äëÿ èíòåãðàëüíîãî êîñèíóñà â (4.14), ìîæíî óáåäèòü-

ñÿ, ÷òî â ïðåäåëå η → 0 âêëàä ñóììû
∑∞

k=0
(−1)kx2k

2k(2k)!
ïîäàâëåí ïî ñðàâíåíèþ ñ äðóãèìè

÷ëåíàìè.
Ñ ó÷åòîì âñåãî âûøåñêàçàííîãî, èòîãîâûé èíòåãðàë âûãëÿäèò ñëåäóþùèì îáðà-

çîì:

K =

∫ 1/H

η

dτ

(
1

2τ 4
− H2

2τ 2
− lnHτ

τ 4

)
(
2Hτ cos(2Hτ)−

(
H2τ 2 + 1

)
sin(2Hτ) + 2H3τ 3(γ + ln 2Hτ)

)
.

(4.16)

Ýòî âûðàæåíèå ìîæåò áûòü ðàçáèòî íà 15 èíòåãðàëîâ, êàæäûé èç êîòîðûõ ìîæåò
áûòü âçÿò â òåðìèíàõ íåêîòîðûõ ñïåöôóíêöèé.∫ 1/H

η

dτ
H cos(2Hτ)

τ 3

η→0−−→ H(2H2 ln(2Hη) +
1

2η2
) (4.17)

−
∫ 1/H

η

dτ
sin(2Hτ)

2τ 4

η→0−−→ −
(
H

2η2
+

2H3

3
ln 2Hη

)
(4.18)

−
∫ 1/H

η

dτ
H2 sin(2Hτ)

2τ 2

η→0−−→ H3 ln 2Hη (4.19)

∫ 1/H

η

dτ
γH3

τ

η→0−−→ −H3γ lnHη (4.20)

∫ 1/H

η

dτ
H3 log(2Hτ)

τ

η→0−−→ −1

2
H3 (lnHη)2 (4.21)

−
∫ 1/H

η

dτ
H3 cos(2Hτ)

τ

η→0−−→ H3 ln 2Hη (4.22)

∫ 1/H

η

dτ
H2 sin(2Hτ)

2τ 2

η→0−−→ −H3 ln 2Hη (4.23)

∫ 1/H

η

dτ
1

2
H4 sin(2Hτ)

η→0−−→ const

∫ 1/H

η

dτH5τ log(2Hτ)
η→0−−→ const (4.24)

12



−
∫ 1/H

η

dτ
2H log(Hτ) cos(2Hτ)

τ 3

η→0−−→ −H/2 +H lnH +H ln η

η2
−

−H3 ln 16 ln η − 2H3 lnH ln η

(4.25)

∫ 1/H

η

dτ
log(Hτ) sin(2Hτ)

τ 4

η→0−−→ H/2 +H lnH +H ln η

η2
− 1

3

(
−4H3 lnHη − 2H3(ln η)2

)
(4.26)

∫ 1/H

η

dτ
H2 log(Hτ) sin(2Hτ)

τ 2

η→0−−→ H3
(
(ln η)2 + lnH ln η

)
(4.27)

∫ 1/H

η

dτ
2γH3 log(Hτ)

τ

η→0−−→ H3γ(lnHη)2 (4.28)

∫ 1/H

η

dτ
2H3 log(Hτ) log(2Hτ)

τ

η→0−−→

η→0−−→ 1

3
H3
(
log2(η)(log(η)− 3 log(2ηH))− 3 log(H) log(ηH) log(4ηH)

) (4.29)

Ñîáèðàÿ ðåçóëüòàò âìåñòå, ìû âèäèì, ÷òî ýêñïîíåíöèàëüíûå âêëàäû ñîêðàùàþò
äðóã äðóãà è îñòàåòñÿ òîëüêî âêëàä ïðîïîðöèîíàëüíûé t3, ÷òî íàõîäèòñÿ â ñîîòâåò-
ñòâèè ñî ñòîõàñòè÷åñêèì ïîäõîäîì.

4.3 Â ñëó÷àå ïðîèçâîëüíîãî ñîñòîÿíèÿ

Â ýòîì ðàçäåëå ìû ðàçîâüåì ìîäèôèêàöèþ àíçàöà äëÿ âû÷èñëåíèÿ êîððåëÿòîðà â
ñëó÷àå ïðîèçâîëüíîãî ñîñòîÿíèÿ 〈Ω| âìåñòî âàêóóìà Áàí÷à-Äýâèñà 〈0|.
Èòàê, â ñëó÷àå ïðîèçâîëüíîãî ñîñòîÿíèÿ

〈Ω|α†kαk′ |Ω〉 = 2πδ(k′ − k)
nk + nk′

2
. (4.30)

Òîãäà G-ôóíêöèÿ ïðåîáðàçóåòñÿ ê âèäó

G(η1, η2, k) = u(η1, k)u∗(η2, k) + u∗(η1, k)u(η2, k)nk. (4.31)

Òîãäà K++ ïðè ïîäñòàíîâêå ãàðìîíèê ïðèîáðåòàåò âèä

K++ = 0, η > ηl (4.32)

K ′++ =
(
(u(ηl, k)u∗(η, k) + u(η, k)u∗(ηl, k)nk)

2 − (u(η, k)u∗(ηl, k) + u(ηl, k)u∗(η, k)nk)
2)

u(ηl, p)u
∗(ηl, p)(1 + np), η < ηl

(4.33)
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Â äåéñòâèòåëüíîñòè ìîæíî çàìåòèòü, ÷òî íîâàÿ ôóíêöèÿ K++ ïðîñòûì îáðàçîì
âûðàæàåòñÿ ÷åðåç ñîîòâåòñòâóþùóþ âàêóóìíóþ âåëè÷èíó.

K ′++ ≡ K++(np, nk) = −K++(np = 0, nk = 0)(−1 + n2
k)(1 + np). (4.34)

Ïåðåïèøåì ýòî â ÷óòü áîëåå óäîáíîé äëÿ âû÷èñëåíèé ôîðìå:

K ′++ = K++ + npK++ − n2
kK++ − npn2

kK++. (4.35)

×òîáû ïðîäâèíóòüñÿ äàëüøå íóæíî êîíêðåòèçèðîâàòü âèä nk. Â ïðèíöèïå, nk ìîæåò
áûòü ëþáîé ôóíêöèåé èìïóëüñà, åäèíñòâåííîå îãðàíè÷åíèå, íàêëàäûâàåìîå íà íåå
� äîñòàòî÷íî áûñòðîå óáûâàíèå íà áåñêîíå÷íîñòè. Â ñëåäóþùåì ðàçäåëå ìû óâèäèì,
÷òî ïîâåäåíèå íà áåñêîíå÷íîñòè îïðåäåëÿåò äèíàìèêó ñëàãàåìûõ, ñîäåðæàùèõ âêëàä
íà÷àëüíîãî ñîñòîÿíèÿ, â ôîðìóëå (4.35).

4.4 ßâíîå âû÷èñëåíèå

Ðåçóëüòàò äëÿ K++ áûë ïîëó÷åí âûøå. Âûáåðåì â êà÷åñòâå nk ïðîñòîå âûðàæåíèå:

nk = θ(x− k), H < x <
1

η
. (4.36)

4.4.1 n2
pK++

Äëÿ íà÷àëà ïîñìîòðèì íà âòîðîå ñëàãàåìîå â (4.35) npK++. Â ýòîì ñëó÷àå ïðèãîäíà
òà æå ñõåìà âû÷èñëåíèé, ÷òî è â ïóíêòå 4.2.

K =

∫ 1/η

H

4πk2dk

(2π)3

∫ 1/τ

H

4πp2dp

(2π)3
npK++ =

∫ 1/η

H

4πk2dk

(2π)3

∫ x

H

4πp2dp

(2π)3
K++ =

(4.37)

= −iH
3

24

(
τ 2(H2 − x2)− 2 log(

x

H
)
) (

2H3τ 3Ci(2Hτ)−
(
H2τ 2 + 1

)
sin(2Hτ) + 2Hτ cos(2Hτ)

)
(4.38)

Òàêèì îáðàçîì,

K =

∫ 1/H

η

dτ

(2π)3

1

H4τ 4

iH3

24

(
τ 2(H2 − x2)− 2 log(

x

H
)
)

(4.39)(
2H3τ 3Ci(2Hτ)−

(
H2τ 2 + 1

)
sin(2Hτ) + 2Hτ cos(2Hτ)

)
(4.40)

È

Ci(x) = γ + lnx+
∞∑
k=0

(−1)kx2k

2k(2k)!
. (4.41)

Ïî òåì æå ïðè÷èíàì, ÷òî è â ðàçäåëå 4.2 ìîæíî âûáðîñèòü âñå ÷ëåíû ñóììû èç
(4.41).
Íåòðóäíî çàìåòèòü, ÷òî ðåçóëüòàò ýòîãî âû÷èñëåíèÿ áóäåò íåñêîëüêî îòëè÷àòüñÿ

îò àíàëîãè÷íîãî âû÷èñëåíèÿ â ðàçäåëå 4.2. Èíòåãðàëû (4.17) - (4.24) ñîâïàäàþò ñ
òî÷íîñòüþ äî ïðåôàêòîðîâ, îäíàêî îñòàëüíûå âêëàäû ïðîñòî íå ïîÿâëÿþòñÿ.
Â êîíå÷íîì ñ÷åòå, âêëàä ýòîãî ñëàãàåìîãî â êîððåëÿòîð:

K ∝ (ln η)2 = t2. (4.42)
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4.4.2 n2
kK++

Äëÿ ýòîãî ñëàãàåìîãî íàõîäèì ñëåäóþùåå âûðàæåíèå

K =

∫ x

H

4πk2dk

(2π)3

∫ 1/H

η

dτ

(2π)3

1

H4τ 4

∫ 1/τ

H

4πp2dp

(2π)3
K++. (4.43)

Çäåñü ñëåäóåò ïîñòóïèòü íåñêîëüêî èíûì îáðàçîì, íåæåëè ðàíåå. Ñíà÷àëà èíòåãðè-
ðóåì ïî p. ∫ 1/τ

H

4πp2dp

(2π)3
K++ =

=
H6
(
−1

2
H2τ 2 − log(Hτ) + 1

2

) (
(ηk − i)2(kτ + i)2e2ik(τ−η) − (ηk + i)2(kτ − i)2e2ik(η−τ)

)
8k6

.

(4.44)

Òåïåðü íóæíî ïðîèíòåãðèðîâàòü ïî τ è âçÿòü ïðåäåë η → 0. Ïîñëå íåêîòîðûõ âû-
÷èñëåíèé ïîëó÷àåì∫ 1/H

η

dτ

(2π)3

1

H4τ 4
(12.7) = 24ik3 log2(η) + 48ik3 log(η) log(H)− 8ik3 log(η)+

+const+O(η).

(4.45)

Êàê âèäíî, èíòåãðèðîâàíèå ïî k ïðîñòî èçìåíèò êîíñòàíòû, íî íà çàâèñèìîñòè ïî
âðåìåíè η ýòî íå ñêàæåòñÿ.
Â èòîãå, âêëàä ýòîãî ñëàãàåìîãî:

K ∝ (ln η)2 = t2. (4.46)

4.4.3 npn
2
kK++

Äëÿ ïîñëåäíåãî ñëàãàåìîãî èìååì ñëåäóþùåå âûðàæåíèå

K =

∫ x

H

4πk2dk

(2π)3

∫ 1/H

η

dτ

(2π)3

1

H4τ 4

∫ x

H

4πp2dp

(2π)3
K++. (4.47)

Èíòåãðèðóÿ ïî èìïóëüñó p íàõîäèì: ∫ x

H

4πp2dp

(2π)3
K++ =

=
H6e−2ik(η−τ)

(
(ηk + i)2(kτ − i)2e4ik(η−τ) − (ηk − i)2(kτ + i)2

)
(τ 2(H2 − x2) + 2 log(H/x)))

16k6
.

(4.48)

Òåïåðü ïðîèíòåãðèðóåì ïî τ è âîçüìåì ïðåäåë η → 0. Ïîñëå íåêîòîðûõ âû÷èñëåíèé
ïîëó÷àåì∫ 1/H

η

dτ

(2π)3

1

H4τ 4
(12.23) = +16ik3 log(η)e

2ik
H log(H/x) + const+O(η). (4.49)

Òî åñòü,

K ∝ (ln η) = t. (4.50)
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4.4.4 Îöåíêà ðåçóëüòàòà

Ñîáèðàÿ âìåñòå âñå ñëàãàåìûå, ìû âèäèì, ÷òî âêëàä îò íåâàêóóìíîãî íà÷àëüíîãî
ñîñòîÿíèÿ ïîäàâëåí ïî ñðàâíåíèþ ñ âàêóóìíûì. Íà ñàìîì äåëå, íåòðóäíî çàìåòèòü,
÷òî ýòîò ðåçóëüòàò èìååò ìåñòî äëÿ ëþáîãî âèäà nk, òàê êàê îñíîâíîé âêëàä íàáè-
ðàåòñÿ íà áîëüøèõ èìïóëüñàõ, ãäå nk ñòðåìèòñÿ ê íóëþ. Òî åñòü, ðåçóëüòàò ïåðâîé
ïåòëè íå çàâèñèò îò íà÷àëüíîãî ñîñòîÿíèÿ.
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5 Âìåñòî âûâîäà, íàáðîñîê äâóõïåòåëüíîãî

âû÷èñëåíèÿ

Â ýòîì ðàçäåëå ìû ïîêàæåì, ÷òî âî âòîðîì ïîðÿäêå ïî òåîðèè âîçìóùåíèé ïîÿâ-
ëÿþòñÿ âêëàäû, êîòîðûå íå ñîãëàñóþòñÿ ñî ñòîõàñòè÷åñêèì âû÷èñëåíèåì. Åùå ðàç
âãëÿíåì íà êåëäûøåâñêèé ïðîïàãàòîð

Gk(η1, η2, x1, x2) = G+− +G−+ = G++ +G−− = 〈Ω| {φ(x), φ(y)} |Ω〉 . (5.1)

Ïðè ôóðüå-ïðåîáðàçîâàíèè:

Dk(η, p) =

∫
d3xeip∆xGk(η,∆x) = u(pη)u∗(pη)(1/2 + np) + h.c. (5.2)

Åñëè ñîáðàòü âñå ñëàãàåìûå ïðè u(pη)u∗(pη), âîçíèêàþùèå â ¾sunset¿-äèàãðàììå, òî
ïîëó÷èòñÿ ñëåäóþùåå âûðàæåíèå

np ∼
∫
d3q1d

3q2d
3q3

∫ ∞
η

dη3

η4
3

∫ ∞
η

dη4

η4
4

δ(~p+ ~q1 + ~q2 + ~q3)

u(pη3)u(q1η3)u(q2η3)u(q3η3)u∗(pη4)u∗(q1η4)u∗(q2η4)u∗(q3η4).

(5.3)

ßâíàÿ ïîäñòàíîâêà ãàðìîíèê äàåò ñëåäóþùåå âûðàæåíèå:

np ∼
∫
d3q1d

3q2d
3q3

∫ ∞
η

dη3

η4
3

∫ ∞
η

dη4

η4
4

δ(~p+ ~q1 + ~q2 + ~q3)ei(p+q1+q2+q3)(η3−η4)

(1− ipη3)(1− iq1η3)(1− iq2η3)(1− iq3η3)(1 + ipη4)(1 + iq1η4)(1 + iq2η4)(1 + iq3η4)

(pq1q2q3)3

(5.4)

Ðàññìîòðèì ëèøü îäèí âêëàä èç ýòîãî èíòåãðàëà∫
d3q1d

3q2d
3q3

∫ ∞
η

dη3

η4
3

∫ ∞
η

dη4

η4
4

δ(~p+ ~q1 + ~q2 + ~q3)ei(p+q1+q2+q3)(η3−η4) (1− ipη3)(1 + ipη4)

(pq1q2q3)3

(5.5)

Òåïåðü ìîæíî ïðîèíòåãðèðîâàòü ïî q3. Â ïðåäåëå ìàëûõ p ïîëó÷àåì

np ∼
∫
dq1dq2q

2
1q

2
2

∫ 1

−1

dcosθ

∫ ∞
η

dη3

η4
3

∫ ∞
η

dη4

η4
4

ei(q1+q2+
√
q21+q22+2q1q2 cos θ)(η3−η4)

(1− ipη3)(1 + ipη4)

(pq1q2

√
q2

1 + q2
2 + 2q1q2 cos θ)3

.

(5.6)

Ýòî âûðàæåíèå ìîæíî òî÷íî ïðîèíòåãðèðîâàòü ïî η3 è η4. Ðåçóëüòàò äîâîëüíî ãðî-
ìîçäêèé, îäíàêî â ïðåäåëå η → +∞ ðåçóëüòàò âûãëÿäèò äîâîëüíî ïðîñòî

np ∼
∫
dq1dq2q

2
1q

2
2

∫ 1

−1

dcosθ
1

9η6p3q1q2 (q2
1 + 2q1q2 cos θ + q2

2)
3/2
. (5.7)
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Èíòåãðàë ïî èìïóëüñàì äàåò q1 è q2:

np ∼
1

η6p6
. (5.8)

Òàêèì îáðàçîì, ìû âèäèì, ÷òî èìååòñÿ âêëàä îò np â êîððåëÿöèîííóþ ôóíêöèþ
ïðîïîðöèîíàëüíûé e6Ht. Îöåíêà è èíòåðïðåòàöèÿ äàííîãî ðåçóëüòàòà òðåáóåò äàëü-
íåéøèõ âû÷èñëåíèé.
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