
Ìèíèñòåðñòâî îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè

Ôåäåðàëüíîå ãîñóäàðñòâåííîå àâòîíîìíîå îáðàçîâàòåëüíîå ó÷ðåæäåíèå

âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ

�ÌÎÑÊÎÂÑÊÈÉ ÔÈÇÈÊÎ-ÒÅÕÍÈ×ÅÑÊÈÉ ÈÍÑÒÈÒÓÒ

(ÃÎÑÓÄÀÐÑÒÂÅÍÍÛÉ ÓÍÈÂÅÐÑÈÒÅÒ)�

Ôàêóëüòåò îáùåé è ïðèêëàäíîé ôèçèêè

Êàôåäðà òåîðåòè÷åñêîé àñòðîôèçèêè è êâàíòîâîé òåîðèè ïîëÿ

Î ãîëîãðàôè÷åñêîé

ðåíîðìàëèçàöèîííîé ãðóïïå

(âûïóñêíàÿ êâàëèôèêàöèîííàÿ ðàáîòà áàêàëàâðà)

03.03.01 Ïðèêëàäíûå ìàòåìàòèêà è ôèçèêà

Âûïîëíèë:

ñòóäåíò 321 ãðóïïû

À. È. Ëîòêîâ

Íàó÷íûé ðóêîâîäèòåëü:

ä. ô.-ì. í., Ý. Ò. Àõìåäîâ

Ìîñêâà 2017



Ñîäåðæàíèå

1 Ââåäåíèå 2

2 Âûâîä óðàâíåíèÿ Ïîëü÷èíñêîãî 3

3 Ïîëó÷åíèå óðàâíåíèé â Ãàìèëüòîíîâîé ôîðìå 7

4 Çàêëþ÷åíèå 12

5 Ïðèëîæåíèå: ðàñøèôðîâêà ââîäèìûõ îáîçíà÷åíèé 13

Ñïèñîê ëèòåðàòóðû 14

1



1 Ââåäåíèå

Âèëñîíîâñêàÿ ðåíîðì ãðóïïà [8] ÿâëÿåòñÿ ïîëåçíûì èíñòðóìåíòîì äëÿ èçó-

÷åíèÿ ðàçëè÷íûõ ÿâëåíèé â ÊÒÏ è ñòàòèñòè÷åñêîé ôèçèêå. Óäîáíîé ôîð-

ìîé âèëñîíîâñêîé ðåíîðìó ãðóïïû ÿâëÿåòñÿ óðàâíåíèÿ Ïîëü÷èíñêîãî [7].

Îáû÷íî ýòè óðàâíåíèÿ ñôîðìóëèðîâàíû â ñêàëÿðíîé òåîðèè ïîëÿ.

×åðåç íåêîòîðîå âðåìÿ ïîñëå îòêðûòèÿ AdS/CFT ñîîòâåòñòâèÿ [6] áû-

ëî ïîíÿòî, ÷òî óðàâíåíèÿ ðåíîðì ãðóïïû ñî ñòîðîíû êîíôîðìíîé òåîðèè

ïîëÿ ïðåäñòàâëÿþòñÿ êëàññè÷åñêèìè óðàâíåíèÿìè äâèæåíèÿ â AdS [3]. Ïî-

ñëå äàëüíåéøåãî ðàçâèòèÿ ýòîé èäåè ñòàëî ÿñíî, ÷òî ãîëîãðàôèÿ ÿâëÿåò-

ñÿ îáùèì ôåíîìåíîì ïðè êîððåêòíîé ôîðìóëèðîâêå âèëñîíîâñêîé ðåíîðì

ãðóïïû â ñëó÷àå áîëüøèõ N [5].

Äîïîëíèòåëüíàÿ ðàçìåðíîñòü â ãðàâèòàöèîííîé òåîðèè èìååò åñòåñòâåí-

íóþ èíòåðïðåòàöèþ ìàñøòàáà ýíåðãèè â êàëèáðîâî÷íîé òåîðèè [6](ñì. [4]

äëÿ ðåâüþ). Áîëåå òîãî óðàâíåíèÿ äâèæåíèÿ â (D+1)-ìåðíîé òåîðèè ìîæ-

íî ñîîòíåñòè ñ óðàâíåíèÿìè ðåíîðì ãðóïïû äëÿ êàëèáðîâî÷íîé òåîðèè [3].

Â ðàáîòàõ [2], [1] áûë ðàññìîòðåí ñëó÷àé ìàòðè÷íîé ñêàëÿðíîé òåîðèè.

Áûëî ñôîðìóëèðîâàíî óðàâíåíèå Ïîëü÷èíñêîãî äëÿ âèëñîíîâñêîé ðåíîðì-

ãðóïïû. Â ñëó÷àå áîëüøèõ N óðàâíåíèÿ ñâîäèëèñü ê ãàìèëüòîíîâûì. Áûëî

ïîêàçàíî, ÷òî ïîëó÷èâøàÿñÿ ñèñòåìà èíòåãðèðóåìà.

Äàííàÿ ðàáîòà ïîñâÿùàíà îáîáùåíèþ ïîëó÷åííûõ ðåçóëüòàòîâ íà ñëó-

÷àé M ïîëåé. Â ðàáîòå ôîðìóëèðóåòñÿ óðàâíåíèÿ Ïîëü÷èíñêîãî äëÿ M

ìàòðè÷íûõ (N x N) ñêàëÿðíûõ ïîëåé. È äàëåå îíè ïðèâîäÿòñÿ ê ãàìèëüòî-

íîâó âèäó.

2



2 Âûâîä óðàâíåíèÿ Ïîëü÷èíñêîãî

Ìû ðàññìàòðèâàåì D-ìåðíóþ åâêëèäîâó òåîðèþM ìàòðè÷íûõ ñêàëÿðíûõ

ïîëåé, ñî ñëåäóþùèì äåéñòâèåì:

S[φ] = −N
2

M∑
k=1

∫ (
Tr[∂µφk(x)∂µφk(x)] +m2Tr[φk(x)φk(x)]

)
dDx+NSI ,

(1)

ãäå SI èìååò âèä:

SI =
∞∑
l=0

M∑
i(l)

∫
Ji(l)(x)Tr[φi1(x1)...φil(xl)]d

Dx1...d
Dxl (2)

Ji(l) - ýòî èñòî÷íèêè. Ìû âêëþ÷èëè òîëüêî îïåðàòîðû ñ îäíèì ñëåäîì. Ìîæ-

íî çàìåòèòü, ÷òî ìû çàïèñàëè òàêèì îáðàçîì èñòî÷íèêè äëÿ ïîëíîãî áàçè-

ñà îïåðàòîðîâ ñ îäíèì ñëåäîì ñ ïðîèçâîäíûìè. Ðåãóëÿðèçîâàííîå äåéñòâèå

ïîñëå ïðåîáðàçîâàíèå Ôóðüå:

S[φ] = −N
2

∫
p

Tr[φk(p)(p
2 +m2)φk(−p)K−1

Λ (p2)] +NSI (3)

SI [φ] =
∞∑
l=0

M∑
i(l)

∫
k(l)

Tr[φi1(k1)...φil(kl)]Ji(l)(k1, ..., kl) (4)

Çäåñü ìû äîáàâèëè îáðåçàíèå ïî âûñîêèì èìïóëüñàì: KΛ(p2) ∼ 1 ïðè p2 �
Λ2 , â òî âðåìÿ, êàêKΛ(p2)→ 0 ïðè p2 � Λ2. Êðîìå òîãî, ìû ïðåäïîëàãàåì,

÷òî Ji(l)(k1, ..., kl) = 0 äëÿ âñåõ {il} ïðè |kl| > λ, ãäå λ íåêîòîðûé íèçêèé

ìàñøòàá ýíåðãèè, íà êîòîðîì ìû ñìîòðèì íàøó ôèçèêó.

Äàëåå ìû âûâåäåì óðàâíåíèå Ïîëü÷èíñêîãî äëÿ íàøåé òåîðèè. Ôóíê-

öèîíàëüíûé èíòåãðàë äëÿ òåîðèè (1):

Z =

∫
Dφ expS[φ,Λ, {J}] (5)

Ïîñòàâèì óñëîâèå, ÷òîáû ôèçèêà íå çàâèñèëà îò îáðåçàíèÿ:

Λ
dZ

dΛ
= 0 (6)
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Ïîëó÷èì, ÷òî:

Λ
dZ

dΛ
=

∫
Dφ expS[φ]

−N
2

∫
p

Tr

[
φk(p)(p

2 +m2)φk(−p)
dK−1

Λ (p2)

dΛ

]
+

(7)

+ NΛ
dSI [φ]

dΛ

)
= 0

Òåïåðü äàâàéòå ïðîâåðèì, ÷òî ïðè ñëåäóþùåì óñëîâèè ýòî óðàâíåíèå âû-

ïîëíÿåòñÿ (âñþäó äàëåå ñóììèðîâàíèå ïî èíäåêñàì i, j, k ïîäðàçóìåâàåòñÿ):

Λ
dSI [φ]

dΛ
= −1

2

∫
p

(p2 +m2)−1Λ
dKΛ(p2)

dΛ

[
N−1 δ2SI [φ]

δφijk (p)δφijk (−p)
+ (8)

+
δSI [φ]

δφijk (p)

δSI [φ]

δφijk (−p)

]

Ñíà÷àëà ñîñ÷èòàåì:

δ expS[φ]

δφijk (p)
= expS[φ]

[
−N(p2 +m2)φijk (−p)K−1

Λ (p2) +N
δSI

δφijk (p)

]

δ2 expS[φ]

δφijk (p)δφjik (−p)
= expS[φ]

[
−N(p2 +m2)K−1

Λ (p2) +N
δ2SI

δφijk (p)δφijk (−p)
+

+

(
−N(p2 +m2)φjik (−p)K−1

Λ (p2) +N
δSi

δφijk (p)

)
×

×

(
−N(p2 +m2)φijk (p)K−1

Λ (p2) +N
δSi

δφjik (−p)

)]
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Òåïåðü äàâàéòå ïîäñòàâèì (8) â (7):

Λ
dZ

dΛ
=

∫
Dφ expS[φ]

∫
p

(
−N

2
Tr

[
φk(p)(p

2 +m2)φk(−p)
dK−1

Λ (p2)

dΛ

]
−

− 1

2
(p2 +m2)−1Λ

dKΛ(p2)

dΛ

[
N−1 δ2SI [φ]

δφijk (p)δφijk (−p)
+
δSI [φ]

δφijk (p)

δSI [φ]

δφijk (−p)

])
=

= −
∫
p

Λ
dKΛ(p2)

dΛ

∫
Dφ expS

(
−1

2
K−1

Λ (p2) +
1

2
K−1

Λ (p2)−

− N

2
φijk (p)(p2 +m2)φjik (−p)K−2

Λ (p2)−

− 1

2
(p2 +m2)−1

[
N−1 δ2SI [φ]

δφijk (p)δφijk (−p)
+
δSI [φ]

δφijk (p)

δSI [φ]

δφijk (−p)

])
=

= −
∫
p

Λ
dKΛ(p2)

dΛ

∫
Dφ expS

[
−1

2
K−1

Λ (p2) +K−1
Λ (p2)+

+ φijk (p)K−1
Λ (p2)

(
−N(p2 +m2)K−1

Λ (p2)φjik (−p) +N
δSI

δφijk (p)

)
+

+
1

2N
(p2 +m2)−1

(
−N(p2 +m2)K−1

Λ (p2) +N
δ2SI [φ]

δφijk (p)δφjik (−p)
+

+

(
−N(p2 +m2)φjik (−p)K−1

Λ (p2) +N
δSI

δφijk (p)

)
×

×

(
−N(p2 +m2)φijk (p)K−1

Λ (p2) +N
δSI

δφjik (−p)

))]
=

= −
∫
p

Λ
dKΛ(p2)

dΛ

∫
Dφ

[(
−1

2
K−1

Λ (p2) +K−1
Λ (p2)+

+ φijk (p)K−1
Λ (p2)

δ

δφijk (p)

1

2N
(p2 +m2)−1 δ2

δφijk (p)δφjik (−p)

)
expS[φ]

]
=

= −
∫
p

Λ
dKΛ(p2)

dΛ

∫
Dφ

δ

δφijk (p)

[
φijk (p)K−1

Λ (p2)+

+
1

2N
(p2 +m2)−1 δ

δφjik (−p)

]
expS[φ] +

∫
p

Λ
dKΛ(p2)

dΛ

∫
Dφ

[
1

2
K−1

Λ (p2)

]

Ïîñëåäíåå ñëàãàåìîå íåèíòåðåñíî, ïîòîìó ÷òî îíî íå çàâèñèò îò ïîëÿ. À
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ïåðâîå åñòü ïîëíàÿ ôóíêöèîíàëüíàÿ ïðîèçâîäíàÿ, ïîýòîìó ïîëó÷àåì, ÷òî

Λ
dZ

dΛ
= 0 (9)

Áóäåì íàçûâàòü (8) óðàâíåíèåì Ïîëü÷èíñêîãî.
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3 Ïîëó÷åíèå óðàâíåíèé â Ãàìèëüòîíîâîé ôîð-

ìå

Âîçüìåì êâàíòîâîå ñðåäíåå îò óðàâíåíèÿ Ïîëü÷èíñêîãî:〈
Λ
dSI [φ]

dΛ

〉
= −1

2

∫
p

(p2 +m2)−1Λ
dKΛ(p2)

dΛ

〈[
N−1 δ2SI [φ]

δφijk (p)δφijk (−p)
+ (10)

+
δSI [φ]

δφijk (p)

δSI [φ]

δφijk (−p)

]〉

Ñðåäíåå áåðåòñÿ òîëüêî ïî âûñîêîýíåðãåòè÷åñêèì ìîäàì. Ìû ïðåäñòàâèì

φ(p) êàê ñóììó âûñîêîýíåðãåòè÷åñêèé è íèçêîýíåðãåòè÷åñêèõ ìîä φ(p) =

φ0(p) + ϕ(p) è ïðîèíòåãðèðóåì ïî ïîëþ ϕ(p). Çäåñü φ0(p) ðåøåíèå óðàâíå-

íèé äâèæåíèÿ, ñëåäóþùåå èç äåéñòâèÿ (1),à ϕ(p) ñîäåðæèò ìîäû ìåæäó λ

è Λ. Êàê ìû óâèäèì íèæå, âçÿòèå ñðåäíåãî â óðàâíåíèè âûøå íåîáõîäè-

ìî äëÿ òîãî, ÷òîáû çàìêíóòü ñèñòåìó óðàâíåíèé äëÿ èñòî÷íèêîâ. Íàéäåì
δ2SI [φ]

δφijk (p)δφijk (−p)
è
δSI [φ]

δφijk (p)

δSI [φ]

δφijk (−p)
äëÿ íàøåé òåîðèè. Íàéäåì ñíà÷àëà:

δ2SI [φ]

δφijk (p)
=

∞∑
l=0

M∑
i(l)

∫
q(l)

l(φi1(q1)...φil(ql))
jiJk,i(l)(p, q(l))

Îòñþäà ìîæíî âèäåòü, ÷òî:

Tr

[
δ2SI [φ]

δφk(p)δφk(−p)

]
= (11)

=
∞∑
l=0

l∑
a=1

M∑
i(a−1)

M∑
j(l−a)

∫
q(a−1),r(l−a)

(l + 1) · Tr[φi1(q1)...φia−1
(qa−1)]×

× Tr[φj1(r1)...φl−a(rl−a)]Jk,i(a−1),k,j(l−a)
(p, q(a−1),−p, r(l−a)) =

=
∞∑
a=0

∞∑
b=0

M∑
i(a)

M∑
j(b)

∫
q(a),r(b)

(a+ b+ 2) · Ti(a)
Tj(b)Jk,i(a),k,j(b)(p, q(a),−p, r(b))
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Tr

[
δSI [φ]

δφk(p)

δSI [φ]

δφk(−p)

]
= (12)

=
∞∑
l=0

∞∑
n=0

M∑
i(l)

M∑
j(n)

∫
q(l),r(n)

(l + 1) · (n+ 1)Tr[φi1(q1)...φil(ql)φj1(r1)φjn(rn)]×

× Jk,i(l)(p, q(l))Jk,j(n)
(−p, r(n)) =

=
∞∑
l=0

∞∑
n=0

M∑
i(l)

M∑
j(n)

∫
q(l),r(n)

(l + 1) · (n+ 1)Ti(l),j(n)
Jk,i(l)(p, q(l))Jk,j(n)

(−p, r(n))

Åñëè ïîäñòàâèòü ïîëó÷åííûå âûðàæåíèÿ äëÿ âàðèàöèé SI (11), (12) â (10),

òî â ïðàâîé ÷àñòè ïîëó÷èòüñÿ âûðàæåíèå ñ îïåðàòîðàìè, ñîäåðæàùèìè

íåñêîëüêî ñëåäîâ. Êàæåòñÿ, ÷òî äëÿ òîãî, ÷òîáû çàìêíóòü ïîëó÷åííóþ ñè-

ñòåìó íóæíî äîáàâèòü â äåéñòâèå îïåðàòîðû, ñîäåðæàùèå íåñêîëüêî ñëå-

äîâ. Ýòî ñòàíäàðòíûé ïîäõîä äëÿ âèëñîíîâñêîé ðåíîðì ãðóïïû: â èòîãå

èñïîëüçóåòñÿ ðàñêðûòèå îïåðàòîðíîãî ïðîèçâåäåíèå è ïîëíîòà áàçèñà îïå-

ðàòîðîâ.

Íî â ïðåäåëå áîëüøèõ N ìîæíî âîñïîëüçîâàòüñÿ äðóãèì ñïîñîáîì [5].

Â ýòîì ïðåäåëå ìû èìååì ñëåäóþùåå ñâîéñòâî:

〈∏
n
On

〉
=
∏
n
〈On〉+O( 1

N2 ),

êîòîðîå âåðíî äëÿ ëþáîãî äåéñòâèÿ, èñïîëüçóåìîãî äëÿ âçÿòèÿ êâàíòîâîãî

ñðåäíåãî < .. >. Áëàãîäàðÿ ýòîìó ñâîéñòâó ïðè áîëüøèõ N ìîæíî âû-

ðàçèòü ëþáîé îïåðàòîð èç OPE àëãåáðû êàê ïðîèçâåäåíèå îäíîñëåäîâûõ

îïåðàòîðîâ. Èíûìè ñëîâàìè, â ïðåäåëå áîëüøèõ N îäíîñëåäîâûå îïåðà-

òîðû îáðàçóþò áàçèñ, â êîòîðîì ëþáûå îïåðàòîðû èç OPE àëãåáðû ìîãóò

áûòü âûðàæåíû àëãåáðàè÷åñêè. Òåïåðü äàâàéòå ïîñ÷èòàåì êâàíòîâûå ñðåä-

íèå ýòèõ ñëåäîâ.

Êâàíòîâîå ñðåäíåå ñëåäà Tr[(φ0i1 + ϕi1)...(φ0in + ϕin)] ïî âûñîêîýíåð-

ãåòè÷åñêèì ìîäàì ìîæåò áûòü ñâåäåíî ê äåéñòâèþ íåêîãî îïåðàòîðà íà
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Ti(l)(k1, ..., kl):〈∫
p(n)

Tr [(φ0i1(p1) + ϕi1(p1))...(φ0in(pn) + ϕin(pn))]

〉
=

=

∫
p(n)

∫
Dϕ expS0Tr [(φ0i1(p1) + ϕi1(p1))...(φ0in(pn) + ϕin(pn))] =

=

∫
p(n)

∫
Dϕ expS0

M∏
j=0

exp

∫
p

ϕj(p)
δ

δφ0j(p)

Tr [φ0i1(p1)...φ0in(pn)] =

= Ŵ


∫
p(n)

Tr [φ0i1...φ0in]

 = Ŵ

∫
p(n)

Ti(n)
(p(n))

 ,
ãäå S0 = −N

2

∫
p

Tr
[
φk(p)(p

2 +m2)K−1
Λ (p2)φk(−p)

]
, è ãäå

Ŵ = exp

 1

2N

∫
p

Tr

[
δ

δφ0k(p)

δ

δφ0k(−p)

]
GΛ(p)

 (13)

GΛ(p) = KΛ(p2)/(p2 +m2) - ýòî ñâîáîäíûé ïðîïàãàòîð.

Òàê êàê â ïðåäåëå áîëüøèõ N , ìû ìîæåì ïîëüçîâàòüñÿ ñâîéñòâîì ôàê-

òîðèçàöèè, ïîýòîìó ïîëó÷àåì:

Ŵ
[
Ti(l)(k1, ..., kl)Ti(n)

(p1, ..., pn)] = Ŵ
[
Ti(l)(k1, ..., kl)

]
ŴTi(n)

(p1, ..., pn)
]

=

= T̃i(l)(k1, ..., kl)T̃i(n)
(p1, ..., pn)]

Òàêèì îáðàçîì, ïîëó÷àåì óðàâíåíèå Ïîëü÷èíñêîãî â ñëåäóþùåì âèäå:

∞∑
l=1

M∑
i(l)

∫
k(l)

T̃i(l)(k(l))J̇i(l)(k(l)) = −1

2

∫
p

(p2 +m2)−1Λ
dKΛ(p2)

dΛ
× (14)

×

N−1
∞∑
a=0

∞∑
b=0

M∑
i(a)

M∑
j(b)

∫
q(a),r(b)

(a+ b+ 2) · Ti(a)
Tj(b)Jk,i(a),k,j(b)(p, q(a),−p, r(b))+

+
∞∑
l=0

∞∑
n=0

M∑
i(l)

M∑
j(n)

∫
q(l),r(n)

(l + 1) · (n+ 1)Ti(l),j(n)
Jk,i(l)(p, q(l))Jk,j(n)

(−p, r(n))


çäåñü òî÷êà îáîçíà÷àåò äèôôåðåíöèðîâàíèå ïî d/d log Λ. Çàìåòèì, ÷òî T̃

çàâèñèò îò Λ, ïîòîìó ÷òî Ŵ çàâèñèò îò Λ.
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Óðàâíåíèÿ åùå íå çàìêíóòû, òàê êàê ðåíîðì ãðóïïîâàÿ äèíàìèêà èñ-

òî÷íèêîâ J çàâèñèò îò çíà÷åíèé T̃ . Çàìêíóòü ñèñòåìó ìîæíî òàêæå âûâå-

äÿ ðåíîðì ãðóïïîâûå óðàâíåíèÿ äëÿ T̃ . Äëÿ òîãî, ÷òîáû âûâåñòè óðàâíå-

íèå Ïîëü÷èíñêîãî â ôîðìå, ïðåäñòàâëåííîé âûøå, ìû èñïîëüçîâàëè, ÷òî

ýôôåêòèâíîå äåéñòâèå W (J) = logZ íå çàâèñèò îò èìïóëüñà îáðåçàíèÿ.

Òàê êàê W (J) - ýòî ýôôåêòèâíîå äåéñòâèå, òî T̃i(l) = δW (J)/δJi(l)(k(l))

- ýòî ïðîñòî èìïóëüñ, ñîïðÿæåííûé èñòî÷íèêó Ji(l)(k(l)) Ïîýòîìó ìû ìî-

æåì ñäåëàòü ïðåîáðàçîâàíèå Ëåæàíäðà îòW (J) ê ýôôåêòèâíîìó äåéñòâèþ

I(T̃ ) =
[∫

T̃ J −W (J)
]
|T̃=δW/δJ . Ïîñëåäíåå òàêæå íå äîëæíî çàâèñèòü îò

îáðåçàíèÿ. Òàêèì îáðàçîì, èç ðåíîðì ãðóïïîâîé èíâàðèíòíîñòè I(T̃ ) ìû

õîòèì ïîëó÷èòü ñîïðÿæåííîå óðàâíåíèå îïèñûâàþùåå äèíàìèêó T̃ . Ýòî â

ÿâíîì âèäå ïðîâåðåíî â òåîðèè âîçìóùåíèé â [5].

Òåïåðü ïåðåíåñåì âñå ñëàãàåìûå â îäíó ñòîðîíó â (14) (ñäåëàåì òî æå

ñàìîå äëÿ ñîïðÿæåííîãî óðàâíåíèÿ), çàòåì ïðèðîâíÿåì íóëþ âñå ÷ëåíû

ïåðåä êàæäûì îïåðàòîðîì T̃i(l) (äëÿ ñîïðÿæåííîãî ïðèðîâíÿåì íóëþ ÷ëåí

ñòîÿùèé ïåðåä Ji(l)). Òîãäà ïîëó÷èì ñèñòåìó óðàâíåíèé â ãàìèëüòîíîâîé

ôîðìå:

J̇i(l)(k(l)) =
δH(J, T̃ )

δT̃i(l)(k(l))
(15)

˙̃Ti(l)(k(l)) = − δH(J, T̃ )

δJi(l)(k(l))
, (16)

ãäå ãàìèëüòîíèàí èìååò âèä:

H = −1

2

∫
p

(p2 +m2)−1Λ
dKΛ(p2)

dΛ
× (17)

×

N−1
∞∑
a=0

∞∑
b=0

M∑
i(a)

M∑
j(b)

∫
q(a),r(b)

(a+ b+ 2) · T̃i(a)
T̃j(b)Jk,i(a),k,j(b)(p, q(a),−p, r(b))+

+
∞∑
l=0

∞∑
n=0

M∑
i(l)

M∑
j(n)

∫
q(l),r(n)

(l + 1) · (n+ 1)T̃i(l),j(n)
Jk,i(l)(p, q(l))Jk,j(n)

(−p, r(n))


Òàê êàê èíòåðåñóþùàÿ íàñ òåîðèÿ èìååò ïîëþñ Ëàíäàó, âñå J (äàæå ñîîò-

âåòñòâóþùèå ìàðãèíàëüíûì îïåðàòîðàì) ìàñøòàáèðóþòñÿ â íîëü â èíôðà-

êðàñíîì ïðåäåëå ïðè ðåíîðìãðóïïîâîì ïîòîêå. Ïîýòîìó îñòàâèì òîëüêî èñ-

òî÷íèêè, ñîîòâåòñòâóþùèå îïåðàòîðàì áåç ïðîèçâîäíûõ. Òàê êàê ïðåîáðà-
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çîâàíèå Ôóðüå îò
∫
Ji(l)(x)Tr[φi1(x)...φil] ýòî

∫
k(l)

Tr[φi1(k1)...φil(kl)]Ji(l)(−k1−

...− kl), îñòàâèì òîëüêî èñòî÷íèêè, çàâèñÿùèå îò ñóììû kl,à íå îò âñåõ kl
ïî îòäåëüíîñòè.

Òåïåðü ââåäåì ñëåäóþùåå îïðåäåëåíèå:

Πi(l)(p) =
1

N

∫
p(l)

δ(p− p1 − ...− pl)T̃i(l) (18)

Ýòî îïðåäåëåíèå îòðàæàåò òîò ôàêò, ÷òî èñòî÷íèêè çàâèñÿò òîëüêî îò ñóì-

ìû àðãóìåíòîâ T̃ . Ïîëó÷èì ãàìèëüòîíèàí:

H =

∫
dq1dq2× (19)

×

 ∞∑
a=0

∞∑
b=0

M∑
i(a)

M∑
j(b)

∫
q(a),r(b)

(a+ b+ 2) · Πi(a)
(q1)Πj(b)(q2)Jk,i(a),k,j(b)(−q1 − q2)+

+
∞∑
l=0

∞∑
n=0

M∑
i(l)

M∑
j(n)

∫
q(l),r(n)

(l + 1) · (n+ 1)Πi(l),j(n)
(q1 + q2)Jk,i(l)(−q1)Jk,j(n)

(−q2)


T çäåñü ñîîòíîñèòñÿ ñ ïàðàìåòðîì îáðåçàíèÿ ñëåäóþùèì îáðàçîì: T =∫ dpKΛ(p2)

p2+m2 .È ïðèìåíèâ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷èì â îêîí÷à-

òåëüíîì âèäå:

H =

∫
dx× (20)

×

 ∞∑
a=0

∞∑
b=0

M∑
i(a)

M∑
j(b)

∫
q(a),r(b)

(a+ b+ 2) · Πi(a)
(x)Πj(b)(x)Jk,i(a),k,j(b)(x)+

+
∞∑
l=0

∞∑
n=0

M∑
i(l)

M∑
j(n)

∫
q(l),r(n)

(l + 1) · (n+ 1)Πi(l),j(n)
(x)Jk,i(l)(x)Jk,j(n)

(x)
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4 Çàêëþ÷åíèå

Òàêèì îáðàçîì, ìû ñìîãëè çàïèñàòü óðàâíåíèå Ïîëü÷èíñêîãî äëÿ ìàòðè÷-

íîé ñêàëÿðíîé òåîðèè ïîëÿ ïðè áîëüøèõ N â ãàìèëüòîíîâîì âèäå. Êîíôè-

ãóðàöèîííîå ïðîñòðàíñòâî ïîëó÷åííîé (D + 1)-ìåðíîé òåîðèè ñîñòîèò èç

îäíîñëåäîâûõ îïåðàòîðîâ èçíà÷àëüíîé D-ìåðíîé òåîðèè. Íàø ðåçóëüòàò

íå çàâèñèò îò òîãî, ÿâëÿåòñÿ ëè ðàññìàòðèâàåìàÿ òåîðèÿ ðåíîðìàëèçóåìîé

èëè íåò, è äàæå îò íàëè÷èÿ óëüòðàôèîëåòîâûõ ðàñõîäèìîñòåé â íåé.

Ïî÷åìó äàííîå ñîîòíîøåíèå âàæíî? Âî-ïåðâûõ, îíî ÿâíî äåìîíñòðèðó-

åò, ÷òî, åñëè ñîõðàíèòü âñå èñòî÷íèêè äëÿ ïîäïðîñòðàíñòâà ïîëíîãî OPE

áàçèñà, òîãäà ðåíîðì ãðóïïà ñòàíîâèòñÿ ãîëîãðàôè÷åñêîé. Äåéñòâèòåëüíî,

çíàÿ çíà÷åíèÿ J è Π ïðè êàêîì-òî ýíåðãåòè÷åñêîì ìàñøòàáå, ìîæíî ïðè

ïîìîùè ãàìèëüòîíîâûõ óðàâíåíèé çíà÷åíèÿ äëÿ ëþáîãî äðóãîãî ìàñøòàáà.

Áîëåå òîãî, íåñìîòðÿ íà òîò ôàêò, ÷òî ìû óñðåäíÿåì ñ ïîìîùüþ ãàóññî-

âîé êâàäðàòè÷íîé ÷àñòè äåéñòâè ïðè ïðåîáðàçîâàíèÿ, ìû ñîõðàíÿåì ïîë-

íóþ èíôîðìàöèþ î ðåíîðìãðóïïîâîì ïîòîêå òåîðèè.

Êðîìå òîãî, â ïðåäûäóùèõ ðàáîòàõ áûëî ïîëó÷åíî, ÷òî â ñëó÷àå îäíîãî

ìàòðè÷íîãî ñêàëÿðíîãî ïîëÿ ïîëó÷àþùàÿñÿ ãàìèëüòîíîâà ñèñòåìà ÿâëÿ-

åòñÿ èíòåãðèðóåìîé. Äëÿ íàøåãî ñëó÷àÿ íåñêîëüêèõ ïîëåé áûëè ïðåäïðè-

íÿòû ïîïûòêè òàêæå äîêàçàòü èíòåãðèðóåìîñòü ñèñòåìû, íî òåì íå ìåíåå

êàêèõ-òî êîíêðåòíûõ âûâîäîâ ïîëó÷åíî íå áûëî. Ýòî îñòàåòñÿ ìàòåðèàëîì

äëÿ äàëüíåéøåé ðàáîòû.
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5 Ïðèëîæåíèå: ðàñøèôðîâêà ââîäèìûõ îáî-

çíà÷åíèé

Â ðàáîòå èñïîëüçóþòñÿ ñëåäóþùèå ñîêðàùåííûå îáîçíà÷åíèÿ:

Ji1...il := Ji(l)

M∑
i(l)

:=
M∑
i1

...
M∑
il∫

q(l)

:=

∫
dq1...dql

Ti(l) := Tr[φi1...φil]

ŴTi(l) = T̃i(l)

13



Ñïèñîê ëèòåðàòóðû

[1] E. T. Akhmedov, I. B. Gahramanov, and E. T. Musaev. Hints on

integrability in the Wilsonian/holographic renormalization group. JETP

Lett., 93:545�550, 2011.

[2] E. T. Akhmedov and E. T. Musaev. An exact result for Wilsonian and

Holographic renormalization group. Phys. Rev., D81:085010, 2010.

[3] Emil T. Akhmedov. A Remark on the AdS / CFT correspondence and the

renormalization group �ow. Phys. Lett., B442:152�158, 1998.

[4] Emil T. Akhmedov. Introduction to the AdS / CFT correspondence. 1999.

[5] Emil T. Akhmedov. Notes on multitrace operators and holographic

renormalization group. In Workshop on Integrable Models, Strings and

Quantum Gravity Chennai, India, January 15-19, 2002, 2002.

[6] Juan Martin Maldacena. The Large N limit of superconformal �eld theories

and supergravity. Int. J. Theor. Phys., 38:1113�1133, 1999. [Adv. Theor.

Math. Phys.2,231(1998)].

[7] Joseph Polchinski. Renormalization and E�ective Lagrangians. Nucl. Phys.,

B231:269�295, 1984.

[8] K. G. Wilson and John B. Kogut. The Renormalization group and the

epsilon expansion. Phys. Rept., 12:75�200, 1974.

14


	
	  
	    
	
	:   
	 

