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Abstract

The connection between U, (sly) 6-j symbols and orthogonal polynomials is established. We demonstrate that
the pentagon identity alone implies that multiplicity-free 6-j symbols satisfy three-term recurrence relation and
orthogonality, making them orthogonal polynomials of several variables, associated with Young diagrams. The
coefficients in the recurrence relation are primitive 6-j symbols.

We examine in more detail the case of orthogonal polynomials of one variable, especially when two represen-
tations are symmetric and one is conjugate to symmetric. The coefficients can be calculated explicitly via Racah
back-coupling relation alone. The 6-j symbol is identified with ¢-Racah polynomial, that is, a terminating g-
hypergeometric series 4®3. It includes as a special case the expression conjectured previously for two symmetric
and two conjugate to symmetric representations [1]. Thus, the algebraic expression for the considered class of
6-j symbols is obtained from the general setting with the only knowledge about the pentagon identity and the

Racah back-coupling rule.
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1 Introduction

The representation theory is widely used to study symmetries and classify them with analytical methods. The
symmetry groups arise in a lot of areas of classical and quantum physics. The questions about representations
structure can be roughly divided into two parts. The first one is the representation theory of one separate
irreducible representation. The second one is the theory of products of representations. This separation is very
evident in the Hopf algebras, where inside the representation the structure is given by the algebra multipli-
cation rules, whereas the coalgebra comultiplication governs the connection between the products of different
representations. The study of the latter one is known as Racah-Wigner algebra [2].

For quantum algebras there are several important concepts that are central in the description of representa-
tion products. The first one is R-matrix and the second one is 3-j symbol (coupling coefficient, Clebsch-Gordan
coefficient) and the third one is 6-j symbol (recoupling coefficient). The 3-j symbol is probably the most cele-
brated object among these three for physics. It allows to describe of the decomposition of the product of two
representations into the third one. However, it acts non-trivially in the representation space and thus depends on
the basis choice. The next two objects acts on each irreducible representation as a constant, so they are invariant
objects of the representation tensor product. R-matrix has a meaning of representations permutation and acts
non-trivially in quantum algebra with ¢ # 1. The 6-j symbol arises as the associator in the representations
product.

There is a closed expression for R-matrix [3], but 3-j symbols and 6-j symbols are lacking of such description.
Only for the simplest case of quantum Lie algebra Uy(sl2) there is an expression for both of them [4]. There is
an algorithm how to calculate them by the definition, but it soon becomes a cumbersome task. Although they
can be obtained explicitly, we are interested in the analytical closed expression for a general U,(sly) symbol.

For the 6-j symbols beyond Uy (sl2) only a few series are known. Firstly, there is an expression for 6-j symbol
with three symmetric representations [5|. Secondly, there are expressions for Racah matrices that have only
symmetric or conjugate to symmetric representations [1, 6]. Also there is an formula for one symmetric and one
antisymmetric representations. All of them are conjectural in a sense that they are not proven, but checked to

be true for all known cases.

This paper provides a new framework that can be used to obtain 6-j symbols analytically. It consider 6-j
symbols as abstract functions that satisfy several identities. Namely, 6-j symbols satisfy pentagon identity,
Yang-Baxter equation, orthogonality and possess tetrahedral symmetries [7]. The central idea of this paper is
that this information is enough to uniquely determine the value of 6-j symbols. It turns out that these properties
can be translated into the language of orthogonal polynomials. All orthogonal polynomials possess a three-term
recurrence relation. The pentagon identity implies the three-term recurrence relation on certain Ug(sly) 6-j
symbols. This recurrence can be solved explicitly, which provide an algebraic expression for 6-j symbols fully
determined by its properties.

For instance, Ugy(sl2) 6-j symbols are known to be a properly normalized g-Racah polynomial. The orthogo-
nality of such polynomial coincides with 6-j symbol orthogonality. A similar method was used in the work [2] to
derive arbitrary Ug(suz) 6-j symbol. For U,(sin) the situation becomes much more complex, as the pentagon
equation interlaces different representations in a far more unpredictable way than for U,(sl2). However, we have
discovered a way how to transform the pentagon identity in U,(sly) into a three-term recurrence relation on 6-j
symbols.

We need to mention that pentagon itself does not provide us with a concrete expression for 6-j symbols.
The three-term recurrence relation coefficients are written purely in primitive 6-j symbols, that is, 6-j symbols
containing a fundamental representation in arguments at least once. Such symbols itselves are hard to obtain

in general. We used Racah back-coupling rule to determine their values for a less general setting deduce the



polynomial expression for 6-j symbols with two symmetric representations and one conjugate to symmetric.

The paper is organized as follows.

In Section 1 we introduce the notion of U,(sly) representations, their tensor products. On the space of
representation tensor product we define 3-j symbols, 6-j symbols and R-matrices. We emphasize our attention
to R-matrix and 6-j symbol properties. Then we recall the notion of basic hypergeometric series, specifically 43
and the facts from the theory of orthogonal polynomials. Then we review the interplay between 6-j symbols and
orthogonal polynomials. Lastly, we state two main results of our paper: the deduction of three-term recurrence
relation for a wide class of multiplicity-free 6-j symbols and the derivation of the closed expression for 6-j symbols
of types I and II™".

In Section 2 we prove that for the general multiplicity-free 6-j symbol, that is, with two symmetric rep-
resentations, it is possible to construct a three-term recurrence relation which corresponds to a multivariable
orthogonal polynomial. We consider the polynomial of one variable as a basic example of this statement and
write down it in detail. Corresponding 6-j symbols have one rectangular representation and two representations
either symmetric, or antisymmetric, or conjugate to symmetric. In this section we only use pentagon identity
and basic fusion rules of Uy(sly). The resulting three-term relation is written in terms of primitive 6-j symbols.
The existence of such relation implies that considered 6-j symbols are orthogonal polynomials, which can be
easily obtained recursively.

In Section 3 we apply this method for 6-j symbols of types IT and IIT. In this case we are able to explicitly
calculate all arising coefficients, using the results from Appendix A, where we solved Racah back-coupling rule
for two-dimensional case. After some simplifications we write both types of 6-j symbols as a g-Racah polynomial.
This polynomial has an explicit form in terms of terminating g-hypergeometric series 4®3. Thus, we obtain an
expression for 6-j symbols from the pentagon identity and Racah back-coupling rule.

In Appendix A we solve the back-coupling rule with respect to 6-j symbols, using the spectral decomposition
of R-matrices. This result has already been known for some time in papers on knot polynomials [8]. However,
we include it in our work, because it is essential in the derivation. This expression allow to evaluate any Racah
matrix of dimension 2, which we use extensively in the main part of the paper. We also add the criteria for the
solution uniqueness and prove that at least for the considered in this work primitive 6-j symbols the expression

is unique.

1.1 Tensor products of representations in U,(sly)

Irreducible repesentations of algebra U,(sly). We will consider U,(sly) algebra with finite-dimensional
representations of the highest weight for the rest of the paper. More precisely, we only use the notion of Young
diagrams and fusion rules for them [9].

Irreducible representation R, of U,(sly) is determined by its highest weight. All of them can be described
by the ordered set of non-increasing non-negative integers pq > po > -+ > py, it is called a Young diagram. We
denote it as p = [u1,. .., un]. For Uy(sly) irreducible representations p and p/ = [pu1 +a, e +a, ..., un + af
are equivalent, thus, we can without loss of generality set puy = 0. The order of Young diagram || is just the
number of elements in the partition: |u| =", u;.

If for k < N the diagram has pg1 = 0 we write it just as [p1, . . . gg], in particular, symmetric representations
are denoted as [u1]. A representation R, = R, is conjugate to R, it has Young diagram v = [u; — pun, i1 —
UN—1,---, 1 — p2,0]. For the diagram with n equal rows we write u!* instead of u;, i, . . ., i, thus, conjugate
to symmetric representation has diagram [u;] = [[u{v 1.

There is a natural g-analogue for trace and dimension [10, 5] in the finite-dimensional quantum algebras



defined in terms of Cartan subalgebra H and weights «o;, 1 <i < N — 1:
Try(z) = Tr (Kap2), Ky = q(Ee00H),
dim, V := Tr,(idy)
The quantum dimension of an irreducible U, (sly) representation can be written explicitly [5]:
[N +i—J] o2 g

: o 4
e = e <ig[q i =it py =g+ 11 = g =i @

where pT is a transposed Young diagram and [] is a quantum number. The two types of brackets are introduced

to avoid confusion. Quantum dimension and trace becomes the ordinary dimension and trace when g — 1.

Tensor product of irreducible representations. Let us consider the tensor product of two irreducible
representations R, ® R, acting in the space V,, ® V,, in a obvious way. This product is itself a representation,
but in general reducible, hence it can be decomposed into irreducible ones by Littlewood-Richardson rules [9].

On the level of vector spaces the decomposition is

Vie Vi, =DM, eV, (3)
p

Here M, is the multiplicity space, i.e. the vector space of highest weight p in the product. The dimension
m = dim(Mf,) is equal to the number of V,, in the decomposition. If M, is one-dimensional, the representation
is called multiplicity-free and M/, ® V, is canonically identified with V,,. In general m 7 1 and it is called the
multiplicity of the product. The basis in M/, can not be fixed by means of representation theory and should be
chosen by other methods.

In each space V,, there is an eigenbasis given by the highest weight vector and its descendants. With this
basis in each irreducible representation and multiplicity space basis specification, one may find an invertible
map corresponding to decomposition (3). If we additionally introduce a norm on the space it can be chosen to
be unitary. This map as a finite-dimensional matrix acts non-trivially in both representation and multiplicity

indices. The components of such matrix are known as Clebsch-Gordan coefficients.

6j-symbols. The tensor product of three representations has the structure of highest weights and it depends
on the product order, i.e. it is non-associative. The vector spaces tensor product (V1 ®V,)® V3 and V1 @ (Va®Vs)

are canonically isomorphic. This isomorphism can be lifted to the representations, so we have
(R1 ® R2) @ R3 2 Ry ® (R2 ® R3) (4)

This isomorphism is carried out by invertible transformation, called Racah matrix. If the Hopf algebra has
a compatible norm, the transformation can be made unitary. If, additionally, the algebra is invariant under
complex conjugation, then the Racah matrix becomes orthogonal. We mostly consider the latter case, which
enforces either ¢ € R or |¢| =1 [3].

A tensor product of three arbitrary irreducible representations Ry, Rs, R3 acts in the space V7 ® Vo ® V3. It

can be decomposed into the direct sum of irreducible representations with possible multiplicities. Introducing



representations X; C By ® Rp,Y; C Ry ® R3, R, C R ® Ry ® R3, we can write:

(R ® Ro) ® Ry = <EB M g X,») ® Ry = P M oM™ o R,,

[ N

Ri@(ReR)=Ro|@PME™ey;| =@M oM an,
J Jot

The representations in both decompositions are isomorphic, as it can be shown from character theory. However,
the isomorphism between multiplicity spaces of the same R,, is not trivial. As Racah matrix acts non-trivially

only in the multiplicity space, the isomorphism can be written as follows.

Definition 1. Racah coefficients are elements of Racah matrix that is the map:

Ry R . v
U(ﬁ ;) DI o M ML 0 ©)
3 4 i j

Definition 2. Wigner 6-j symbol is the element of a normalized Racah matrix:

{R1 Ry Xz} R S (1%1 R2> | -
Ry Ry Y;| /Dx,Dy, ”\R; Ry
If multiplicity occurs, X; may coincide and thus should have additional multiplicity indices. In this paper we
work with multiplicity-free case, so the arguments are in one to one correspondence with Young diagrams. Thus,
we do not distinguish representations and corresponding Young diagrams inside the arguments of 6-j symbols.
The Racah matrix can be explicitly written in terms of Clebsch-Gordan coefficients as the composition of

four unitary maps, acting in the space V3 ® Vo ® V3. However, the Racah matrix has a trivial indices inside every

irreducible representation, this means it is an invariant tensor and can be written canonically.

R-matrix. Algebra U,(sly) has a quasitriangular Hopf algebra structure [3]. It means there is an invertible
algebra element R called R-matrix. We do not define the R-matrix from Hopf algebra and refer to [3] for details.

Let us first fix the notation. The representation of R-matrix is denoted by R;; and acts on V; ® V;. We
introduce the permutation operator P; ; : V; ® V; — V; ® V; given by

Py o(v1 @ vg) = v3 @ g Yu, € Vi, Vg € Vs (8)

We can compare representations Ry ® Ry and Py o(R2 ® Rl)Pf’zl. In U(sly) these representations are equivalent,
but in U,(sly) for ¢ # 1 they are different due to the non-cocommutativity of the Hopf algebra. Operator

Ri2 = P 2Ry o restores the equivalence between them. For any representations Ry, Ry:
Ri2(R1 ® Ra)Riy = Ry ® Ry, (9)
Also R-matrix have to satisfy so-called hexagon axioms:

7%12,3 = (7%1,3 ® id)(id ® 7%2,3)

. T R ‘ (10)
R1,23 = (Zd & R1,3)(R1,2 & Zd)

If additionally we require 7A22,17A2172 = Id, the algebra is called triangular. It is easy to check that for ¢ = 1

U,(sln) becomes triangular with 7%1,2 =Pis.



These two equations connect a permutation between two reducible representations with permutations of
irreducible representations. It effectively means that we need the only R-matrix given for fundamental repre-
sentation to express R-matrix in any representation.

Let us write the action of R-matrices on arbitrary representations Ry ® Ry ® -+ ® Ry:
ﬁi,iﬂ =7m(0;) =id® - R P;;41Rii+1 Qid® - ®id (11)

and analogously ﬁp(i)p(j) for arbitrary permutation p € S, on R,(1)®- - ® R (). The operators R; are invertible
and associative, so they form a group. In fact, it is known as the representation of Artin braid group B,,.

Definition 3. The Artin braid group B,, on n strands is a group generated by o the following relations:

0i0; = 0,05, if|[i —j|>1
i =0 i = Jjl (12)

0;0j0; = 050,04, if |Z—j|:1, i,jzl,...,n

The first property is trivially satisfied for 7V2m-+1 = 7(0;). The second property is the braiding property and
in quantum algebra it corresponds to the celebrated Yang-Baxter equation.

Definition 4. Yang-Baxter equation is the identity on R-matrices:
R12R13R23 = Ro3Ri 3R (13)

As we will show below, this property follows from R-matrix definition, but sometimes R-matrix is defined
as the solution to Yang-Baxter equation. This approach lead to a greater number of solutions, e.g. 7@1’2 =P
always satisfies the Yang-Baxter equation, but it does not form an quasitriangular Hopf algebra, unless ¢ = 1
and it is triangular.

The eigenvalues of R-matrix representation has an explicit form [3] in terms of quadratic Casimir eigenvalues

k. Given R o acting in the space of R1 ® Ry = @, Q;, where Q; can coincide, the eigenvalues are expressed as:

Ai(Ryg) = 4" m=rn g(R) =k(p) = Y (i—j) (14)
(i,5)€ER

where the sign depends on the choice of triple (Ry, Re, @;). If Ry # Ra, the sign is free to choose, but should
be consistent with other signs that were chosen. If Ry = Rs, the sign is fixed to be £1 depending on @; being
from symmetric or antisymmetric part of the decomposition. See [11] for more details. In this paper we choose
a convention that for both R; = Ry and R; # R we use the same rule. If we order all @); Young diagrams
lexicographically, then the signs should alternate. The overall sign is chosen in a self-consistent way, that is, the

R-matrix axioms are satisfied.

1.2 General properties of multiplicity-free 6-j symbols
We recall that in this paper we assume that all 6-j symbols we work with are multiplicity-free except the opposite

is stated. The expressions with multiplicities a bit differs and can be found in [7, 2, 12].

Orthogonality and tetrahedral symmetry. Racah matrices are unitary, consequently, 6-j symbols satisfy

orthogonality relation [13]:

R R R R R R I =1 if symbols exist
Z{ 1 2 12} { 1 2 12}D12 /Dos Doy — Spasry, 1, (15)

o (B3 Rizs Ros) |Rs Rizs Rig I =0 in other case



The presence of factor I is due to the fact that this relation should hold even if the left-hand side is trivial. If
some of the representations does not respect fusion rules, then the left-had side becomes zero, implying I = 0.

One may choose arbitrary Ry, Rs, R3, then the Racah matrix is non-trivial if and only if Ry C R; ® Ry ® R3.

Definition 5. Tetrahedral symmetries are the symmetries between 6-j symbols [7] that are generated by relations

R R R\ (R B Re| R R B\ [ R Ru B
R3s Ria3 Ras Ry Rizs Rz Ri Ry Ry Riz3 Ro3 Rs
T B ,
Ri23 Rz Ros

where the + phase should be consistently defined in order to satisfy the Biedenharn-Elliott identity.

These symmetries can be derived from the properties of 3j-symbols [2]. Phases arise as the sign of R-matrix
eigenvalues. See [7, 11, 14] for the discussion on phase conventions. One can check that these symmetries form

a group of 24 elements isomorphic to Sy, that is, the tetrahedron point group.

Racah back-coupling rule. One interesting property follows from the R-matrix properties.

Definition 6. The Racah back-coupling rule is a general property of 6-j symbols [7]:

b R b R R
gra vt RetRI2s—R12 =23 a 20 _ Z +D13q"* a 12 a ¢ 13 (17)
¢ Riz3 Ros Rus ¢ Riaz Ris b Riz3 R

Above we use the notations a, b, ¢ for representations only to clarify the structure of equation.
Proposition 1. Racah back-coupling rule is equivalent to hexagon axioms of R-matrix.

Proof. The property can be proven using the R-matrix definition. Let us consider the first of the hexagon

axioms:
7é12,3 = ﬁ1,3R2,3 (18)

We recall that from the spectral decomposition of R-matrices R 3 acts as a constant map in each subspace V23
from the space Vo ® V3 = @, M?* @ V;**. If we choose the basis of the highest weight, R-matrix becomes block-
diagonal, where different blocks correspond to different representations Y; with block size equal to multiplicity
dim M?3. Moreover, we can make it diagonal by the specification of basis in multiplicity space, then each block
takes the form of unit matrix times the eigenvalue given by (14).

Let us now consider the whole space V1 ®Vo®V3, in which id®7R4 3 acts. We restrict ourselves to the particular
representation Ry C R;® R ® R without loss of generality. The corresponding subspace is @2 M ji®Mf3 ®Via3,
where the overall set of non-trivial i is such that M?® # @ # M}*. We can consider a Racah matrix that acts
on this subspace, transforming the highest weight basis of (R1 ® R2) ® R3 into Rq ® (R2 ® R3). Thus, the R o
eigenbasis transforms under the unitary rotation into the eigenbasis of R 3.

The operator Ri2,3 is trickier as we should understand it as Ri23 = @Z R;3, where ¢ is enumerating all
irreducible representations from R; ® Ry = Milz ® X;. In this sense our restriction to the R4 makes each R;3
just a constant map and possible rotation in the multiplicity space, whereas the whole R 3 is again block-

diagonal and depends on X;. It makes Ri23 and R 2 very similar. In fact, if we compare their eigenvalues, we



make a conclusion that:
Rigz = g™ s Rl_é ®id (19)

If we decompose each matrix R, = Wﬁa,bU, where W, U are unitary and ﬁa,b is diagonal. Then the equation

becomes:
7%1,2U3127€1,3Uf327€2,3U123 = Pyg3 - g Pro3((v1 @ v2) ® v3) 1= v3 @ (v2 ® V1) (20)
. . . . o . . Ry Ry
We can see that unitary matrices are in fact Racah matrices with identification Ujo3 = U R R the same
3 4

for Uy32,Us12. If we normalize the equation, write it in terms of 6-j symbols and use tetrahedral symmetry

Uios = U?],Lzu we will get exactly the Racah back-coupling rule. O
Corollary 1. Racah back-coupling rule implies the Yang-Baxter equation.

Proof. The other equation from R-matrix definition, namely

Ri2s =Ri3Riz2 (21)
leads to the similar condition on Racah matrices:

U3217%2,3U§317$1,3U213731,2 = Pygg - gt (22)

This will lead to the same back-coupling rule as (20).

Normalized or not, equations (20) and (22) have identical right-hand side and thus we can write:

751,2U3127€1,3U1327€2,3U123 = U3217§2,3U§317€1,3U2137€1,2 (23)

which is exactly the Yang-Baxter equation. As both (20) and (22) are equivalent up to a normalization and the
Yang-Baxter equation is homogeneous, the Racah back-coupling rule leads to the Yang-Baxter equation. The

opposite is not true. O

Pentagon relation. The following condition on 6-j symbol is central for our discussion. It does not involve
R-matrices and in fact more general. If we consider the product of four representations, there are five ways to

decompose them:

(R ® R2) ® R3) ® Ry
(R1® (R ® R3)) ® Ry
(F1 @ Ra) ® (R3 ® Ra) (24)
R ® ((R2 ® R3) ® Ry)
R ® (Ry ® (R3 ® Ry))

These decompositions correspond to five different bases, which can be transformed one into another by Racah
matrix. The new idea here is that the transformation can be done in two distinct ways. Let us consider for

example the transformation:

W : (R ® Ry) ® R3) ® Ry — Ry ® (Ry ® (R3 ® Ry)) (25)



Then W can be written ether as W' or as W'

W' = (1® Uaza)U1,23.4(U123 ® 1)

, (26)
W" =Ui2,34U12.3.4

As the basis is determined by the product order uniquely, we should have the equality W = W’. The corre-

sponding commutative diagram can be written with a tree denoting the basis in the multiplicity space:

Ui23®1 Ui,23,4

Ui,2,34

This identity is known as pentagon equation, or, specifically for 6-j symbols, it is called after Biedenharn and
Elliott.

Definition 7. The generalized Biedenharn-Elliott identity, or pentagon identity [15] is
ZD23 Bi Ry Rio( JFi Res  Ius( JR2 Rz Ros| _ (27)
o R3 Rizs Rosz) (R4 Rizza Roza) |Ra Roza Rsa
_JRe Ry R Ry Ry Ry
Ry Rizza  Rsa R3s Riszs  Rosa
This equation has a lot of nice properties, for example:

Proposition 2. The pentagon identity imply the 6-j symbols orthogonality relation.

Proof. We set R1234 to be a trivial representation and denote its Young diagram as [0]. The expression is either
of the form 0 = 0 or non-trivial depending on other representations. The only non-trivial equation is present
when Ri23 = R4 and Rgss = R,. We additionally denote R34 as R,.

Ri Ry Ria| |Ri Raz Rs4| [R: Rz Ros
2023 - - A (28)

o Ry Ri Royf |Re [0] Rif \R: Ri R,

_ Rix» Ry Ry Ry Ry Ry

Ry 0] Ry, 12 [0] R

6-j symbols with one trivial representation correspond to unitary matrix of dimension 1 and called trivial 6-]

symbols. All of them are £1 up to a normalization.

(29)

Ry Ry Riz|  *0r.r,0R R,
R, [0] Ry VD1Dy

10



Substitution of trivial 6-j symbols into pentagon give us:

Ri Ry Ris| |Ry Rs Ros|  *Ogry,rj,
D Dw{, = = (= e (30)
R3 Ry Roz) |Rs4 Ri Rl VDi2D1y

Ras

which becomes the orthogonality relation if we perform tetrahedral symmetry. O

Summary. We have stated the main properties of 6-j symbols in ths subsection. They can be divided into
symmetries and identities. For arbitrary 6-j symbol only tetrahedral symmetries are known to hold. Two main
identities are the pentagon identity and the Racah back-coupling rule. The Yang-Baxter equation and the

orthogonality can be deduced from the main two properties:
1. Pentagon equation = Orthogonality relation
2. Racah back-coupling rule = Yang-Baxter equation

Interestingly, the first and the second lines are very different. There is no obvious way to connect these properties.
The first line is defined without R-matrix. The pentagon identity is a very strong condition on 6-j symbols.
However, it can not determine the 6-j symbol by itself, but rather recursively expand it. The second line is
not a strong constraint on 6-j symbols itself, one may compare the number of variables in the equation with
the number of equation components. It can not fix Racah matrices of arbitrary size even with orthogonality
condition imposed.

We combine these two identities to determine the 6-j symbol. Roughly speaking, we solve the pentagon
identity in terms of primitive 6-j symbols for a wide class of 6-j symbols. Then we show that using the Racah
back-coupling rule to determine the primitive 6-j symbols. In particular, we solve the pentagon identity in the

class of symmetric and conjugate to symmetric representations.

1.3 g¢-Hypergeometric series and Racah polynomial

There is a strong connection between 6-j symbols, ¢g-hypergeometric series and orthogonal polynomials. That is,
properly normalized 6-j symbols at least for U,(sl2) can be expressed as a terminating ¢-hypergeometric series.
Moreover, it is equal to a ¢-Racah polynomial. This property singles out 6-j symbols among other objects and
it can be used for calculations as orthogonal polynomial always can be defined recursively.

In this subsection we recall the notion of ¢g-hypergeometric series [16] and some essential facts from the theory

of orthogonal polynomials.

¢-Hypergeometric series. A g-Pochhammer symbol is defined as (a, q),, = Hz;é(l — aq®), which is closely

related to quantum factorial [a]! = []7_, [a].

Definition 8. The ¢-hypergeometric series are defined as:

o0
A1y, Qpt1 (ah(I)n'--(ap-i-ly(I)n n
¢ (g, 2 | = 2", 31
PR by, by ;(bhq)n--.(bp,q)n(q,q)n oy

or, alternatively, it can be also written as:

a1y, Qp, Apt1 qa17"'aqapaqap+l
p+1Pp PP 10,2 | = pradp b b 14,2 ) - (32)
bi,...,bp Q... g%

11



It is far more convenient because it may be reformulated in terms of g-factorials:

ar+1,...,ap +Lap11+1 — [a1 +n]! [ap+1 + ]! [b1]! [bp]! 2™

p+1Pp yq, :Z | | IR '7' (33)
bi+1,...,b,+1 o [a1]! lap+1]! b1 +n]! " [by + ]! [n]!

This expression evidently has the limit lim[a]! = a!, where the whole series becomes a usual hypergeometric

q—1
function.

There are a lot of hypergeometric function symmetries generated by the following property.

Definition 9. Permutation symmetry is the evident property of ,.®, functions to be invariant under permuta-

tions w € S, and u € Sp;:

T@p a17'~-aar;q’z :r(I)p aw(1)7~-~7aw(7‘);q7z . (34)
bi,...,bp bu(1)s - -+ s bu(p)
r4+1 r
The ,41P, series with the constraint on the sum of arguments 1+ > a; = > b; and with z = ¢ are called
i=1 i=1

Saalschiitzian one. There is a particular series we are are interested a lot, namely, Saalschiitzian 4,®3.

Definition 10. Sears’ transformation [16] is the relation between two Saalschiitzian 4®3 functions:

T,Y,2,MN v—z—n—1u—z—n—1]fo—1][u—1]! W— T, W—Y,2,N
4%( ;q7q>[ i Mo=A]!lu—1] 14®3 i¢,q |, (35)

U, U, W [v—z—1]![v—n—1][u—z—1][u—n—1]! 1—u+tz+n, l—v+z+n,w
wherez +y+z2z+n+1=u+v+w.
For Saalschiitzian 4®3 both permutation symmetry and Sears’ transformation form a large group of symme-

tries [17, 6].

6-j symbol known expressions. The 6-j symbols are known to be connected with g-hypergeometric series
at least for U,(sly) algebra [18]. In this case each argument of 6-j symbol is a one-row Young diagram which is

parametrized by a non-negative integer. The correspondence follows form the following result [4].

Proposition 3. Arbitrary Uy(sla) 6-j symbol up to a monomial factor is equal to a terminating Saalschitzian

q-hypergeometric series 4Ps:

—S81 — S2+1
[ [ [ vi T
S1 52 1 ay,az,as,aq4 —S83 —S4T1 . .
L =K 4P $¢:q ), 2a;= 2= it+j—sya—sa+2 |. (36)
[ss] [sal 4] b1,b2, b3 —81—S4+7] o
. t+j—8 —583+2
—82 — 53+

and the monomial factor is:

0 , S92, A , 54, A , 54, o , S3, -\ [81+82+83+54 +1 at+b—c ! cta—b | btc—a !
= S:Ejjmii :)81-Ef:—f4| 1‘)2-1-5(:—1] 5'43‘17_)’_54(_85 |SS+JJZS[2—S4 |2i+j—51—53] 1’ G(G’b’ C) = [ : }aib%i ] [ | : ] : (37)
[ 2 ][ 2 ][ 2 }[ 2 ][ 2 }[ 2 ] [T""‘H'

There are Racah matrices in U,(sly) with only symmetric and conjugate to symmetric Ry, Ry, R3 represen-

tations in arguments. The corresponding 6-j symbols will have a relatively simple form. There are two types of
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such 6-j symbols we are interested the most.

type I : {[[51]] [s2] R12} type ITT : {[[Slﬂ [s2] Rm} (38)

[ss] [sa;cy ] Ros [ss] [sa:ci ] Ros

Here one may see that the family of possible Ri5 and Rs3 is enumerated by one parameter. From fusion rules it

. . ; R ) - - sp—s34j NV
is easy to derive for the first type RYQ) = [4, 2=, Réjg) = [j, 2=t

_2]]. There is a linear relation on
type I arguments from fusion rules s; + s3 — 8o — 54 = —2c4, we choose to work with arbitrary s; and assume
that ¢4 satisfy this relation. The special case when ¢4 = 0 is called type I and correspond to a simpler situation
when the fourth representation is symmetric [7]. Similarly, the second type has R§Q = [stgett sidsa=i] apd

; N-2
Réjs) = [4, % ]J. The restrictions require equalities:

S1 4 83— 89— 854 = —2¢4 for type I, S$1+ 83 =89+ 54 for type I, (30)
S$1+ So — 83 — 84 = —2¢4  for type II+, S$1+ §o =s3+s4 for type 1L

We use these classes of symbols a lot in this work, so it is convenient to improve our notation specifically for

these two types. The expressions for them are almost the same, so we denote 6-j symbol of type I and I as:

S1 S9 7
S3 sS4 ]

and type II, ITT:

Il Tl i (40)
= _ . _ - N—2 )
1 IISS]] II847 Czllv 2]] s w

S1 S2 1 [s1] [s2] [[sl+§2+i’81+§2_i (41)
. = 4§ — _ . sg—s34+jN—2 )
s g), sl Bnd™ [

where 4, j are defined in such a way in order to have a nice N = 2 limit.
The expression for type I and type II depends on ¢ and 7 integer parameters, i.e. 6 for representations and

N. The answer was conjectured in [1] and was later written in terms of Saalschiitzian 4®3 [6].
Conjecture 1. Multiplicity-free Uy(sln) 6-j symbol expression is given by the formula [1, 6] is
L ) ) ai,az,as,a4
| =Kr-aPs 16,9 | (42)
rs T4 J|o b1, b2, bs

—ry —rg+i—2(N —2)d
1 — T2 ( )72 —ri =1 — 13— 14 — 2(N — 1)

—r3—1rs+1
2a; = s .2 = i1y — s+ 2 . (43)
=T —r4s+] C
] i+j—r—1r3+2+2(N—2)r,
—r2 =713+ ]

where r1 + r3 = ro + 14 for type I and r1 + 1o = r3 + 14 for type II. The factor is given by

On (r1,72,9) On (r3,74,9) On (r1,74,§) ON (r2,73, ) [N — 1]I[N — 2] l[trafratre 4 N — 1]

Kr = 34ra—i . o —1 ro+r3—j r14+ra—7J it+j—ro—r i+j—r1—r: :
[75+;4 1]q[[71+;2 7/+(N_2)6T,2}q![ 2+25 J}q![ 1+24 J}q![ +J 22 4}{1![ +J 21 3 +(N_2)5T,1}q!

(44)

All considered examples confirm this expression. The aim of this paper is to prove this formula. Also the

developed method allow us to obtain an expression for types I and IIT in terms of ¢g-Racah polynomial.

Orthogonal polynomials.

Definition 11. g-Racah polynomials are a set of orthogonal polynomials [19] defined as a Saalschiitzian g-
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hypergeometric series 4®3:

f}{'n(y(aj);01757’77§|q):4(1)3 < :O7l,L (45)

—n,n+a+pf+1,—z,x+y+5+1
19,4 n
a+1,8+6+1,v+1

where n is the degree of the polynomial in v(x) := ¢~% + ¢?T9T2%1 [ is non-negative and have on of the three

possible values:

—a—1
L=|-pg-§-1 (46)
—y—1
The condition of L non-negativity implies that the series is terminating. It is indeed a polynomial in v(x) as

the dependence on z is:

k—1

("¢ ), = [ = v(@)d + ) (47)
j=0

From the equation for 6-j symbol in U, (sl2) it is possible to relate it with a g-Racah polynomial, because the
terminating Saalschiitzian 4®3 series is in fact the Racah polynomial. In particular, orthogonality of 6-j symbols
and Racah polynomials is the same equality written in different terms. Other properties also can be translated
between these two objects.

As orthogonal polynomials, they obey the following set of identities. For brevity we omit parameters

a, B,7,6,q in R, (v(x)). By convention, in a recurrence relations R_; (v(z)) is set to 0.

e Three-term recurrence relation (3TRR):

[@][z + v+ 6+ 1Rp(v(2)) = AnRnp1(v(2)) — (An + Cr)Rn(v(2)) + CoRy1 (v(2)) (48)
with coefficients specified for g-Racah polynomial:

m+a+ln+a+B8+1n+8+d+1]n+~v+1]

A, =
2n+a+B+1]2n+a+B+2] (19)
o _lintatB—rlnta-dn+p
" [2n +a+ B)2n +a+ B+ 1]
e Orthogonality relation:
L (qa+17qﬁ+5+1,q’}’+1’q’)’+6+1;q)w ['Y +8+2+ 1] " (U(x»m (V<x)) s
= (q’q’yfa+5+1’q775+1’q5+1;q)x qw(a+ﬁ) [,y + 6 + 1] n m nmn (50)

(P % P, T2 q) o [a+ B4 1)gn0T0) (1, qot Bl gamdtl Bl gy,

h:
" (gL et =L 0t ) (a4 B+ 2n+ 1] (¢t g0t ¢F L gt g),

Proposition 4. Fach orthogonal polynomial sequence possess a three-term recurrence relation.

The proof of this fact is rather simple and can be found in the literature. Let us assume we work with
orthogonal discrete polynomials p,(z) defined on 0 < x < N —1for 0 < n < N —1, z,n € Z. The naive

estimation of a free parameters in this system from the orthogonality is w

. However, as it can be seen,
a three-term recurrence relation allow us to use only 3N coefficients, which does not depend on z, to fully

determine the polynomials.
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The three-term recurrence relation can help a lot if we do not know the polynomials explicitly, but we
can obtain the 3TRR on them and it is identical to some known polynomial’s 3TRR. Obviously, the set of
polynomials is the same in this case. It is reasonable to ask whether the orthogonality relation is the same or
not. The important result is that the orthogonality measure is unique [19].

The monic polynomial is a polynomial y, (x) = Zil:o k;2® with the normalization condition k, = 1.

Theorem 1 (Favard’s Theorem). Let y,, denote the monic polynomial of degree n € {0,1,2,...} satisfying the

three-term recurrence relation

Ynt+1(2) = (x — cpn)yn(x) — dpyn—1(x), Cnydp €C, n=1,2,3,... (51)
Then there exists a unique linear functional A with

A =1, AYnym) =0, forn#m, m,ne{0,1,2,...} (52)

This linear functional A is quasi-definite if and only if d,, =0 for alln =1,2,3,.... This linear functional A is
positive-definite if and only if ¢, € R for allm =0,1,2,... and d, >0 for alln=1,2,3,....

1.4 Relation between 6-j symbols and orthogonal polynomials

In this paper we show that multiplicity-free 6-j symbols possess a three-term recurrence relation. The derivation
only uses pentagon identity and fusion rules. This derivation allow one to say a lot about 6-j symbols.

We can illustrate the relationship between different objects by the following diagram.

e (Pen) Pentagon equation
e (Un) Racah matrix unitarity, 6-j symbol orthogonality — pg, Pr. 2 Un 6;

° (STR) Three-term recurrence relation Thi _—
1is paper 1.

y.,L(:L’):U:”L
e (OP) Orthogonal polynomial sequence Th 1

3TR ——— OP
e (6j) Expression for arbitrary 6-j symbols e

In the upper row we place the properties of 6-j symbols coming from the Hopf algebra. We have already
shown that 6-j symbols are always orthogonal and satisfy pentagon equation. Due to the Proposition 2 any
pentagon equation solution implies orthogonality.

The lower row is about orthogonal polynomials, the main result here is the Favard’s theorem. It guarantees
that the three-term recurrence relation uniquely determines not only polynomials but also the orthogonality
measure. This orthogonality relation coincides with 6-j symbol’s one due to the uniqueness. It is very helpful,
because this identifies the abstract orthogonality from the theorem with 6-j symbols which are orthogonal in a
very clear sense.

This identification between 6-j symbols and orthogonal polynomials allow us to write a diagonal arrow,
although we do not know the expression for 6-j symbols. We now may ask what is the source of three-term
recurrence relation on 6-j symbols. For U,(sl2) it was shown that the pentagon equation can be reduced to the
recurrent relation and solved explicitly [18, 2]. In the case of U,(sly) the pentagon equation is much harder to
handle due to the not obvious structure of representation tensor products.

In this paper we fill this gap and write the three-term relation on the class of Uy(sly) symbols with two
symmetric and one rectangular representation. Corresponding to the written diagram above, we can start with
the abstract pentagon equation and derive 6-j symbols in a unique way. Thus, explicit 6-j symbol formula is

unique if the coefficients of 3TRR are obtained in a unique way. We can state three main achieved results.
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e We proved that the wide class of multiplicity-free 6-j symbols are orthogonal polynomials with a certain

three-term relation.
e This also implies that the pentagon equation has a unique solution.

e For a lesser subclass we get three-term relation and solve it, obtaining the explicit form for 6-j symbols in

terms of Racah polynomials.
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2 Three-term recurrence relation for 6-j symbols

2.1 Three-term relation for 6-j symbols with rectangular representation

Let us clarify the notation. We denote by J the representation that is from one of the three classes: symmetric
[s], conjugate to symmetric [V ~!] or antisymmetric [1¥] for s > 0, k& > 0. We write symmetric representations
as S. Rectangular representation [s*] is denoted by 7. We use e* for either fundamental or antifundamental

representation, that is et = [1], e~ = [1V1].

Lemma 1. Consider a product of representations Ty ® J3 @ €T, which is decomposed into Ros C To @ Ja,
Jzqs C J3@eT and Rozs C To @ J3 ® e*. Fizing all representations except Ras there are only two possible

representations for Rog in the product.

Proof. All possible sequences of decompositions of the triple product Tp ® J3 ® e* can be written as follows:

: +
& T3 c Roz CTo® J3, J34 C J3 @™
Ros J34 N (53)
R Rozy = (Rez3 @ ™) N (Ta ® J34)
234

The general form of Ry34 as a representation from T, ® J34 can be written as [a, b, c], [b*,a,cN~*=2] or

[(6+ 1)2,%79 1] for J34 being symmetric, conjugate to symmetric or antisymmetric. Considering the case

et = ¢~ we find Ry3 as the decomposition of Rasq @ et. Let us decompose the product Rass @ et in each case

using Littlewood-Richardson rules.

[a, b, ] @ [1] = [a + 1,b%, ] @ [a,b",c + 1] @ [a, b+ 1,01, ] @ [a, b*, ¢, 1]
[[bk,a,cN_k_Q]] ®[1] = [[bk,a + l,cN_k_Q}] @ b- 1)k,a —1,(ec— 1)N_k_2]]69
o+ 1,051 a, N2 @ [0, a, ¢ + 1, N TR (54)
[0+ 1), bF 2 1] @ [1] = [(b+ 1)L 1) @ [(b+ 1), 0" 1M @
®b+2,(b+ 1)L 1] @ [(b+ 1), 67, 2,171]

Note that we have decomposed Ra34®e™ C (To® J34)®e™, but the decomposition for To @ J3 C To® (J34®e™) is
different. We underline the terms that can not lie in the decomposition T, ® J3. The lasting terms are in general
lead to non-trivial representation with corresponding 6-j symbols. In degenerate cases, e.g. a = b or k = 0 some of

the irreducible components may coincide or not exist. However, the number of possible terms is not greater than

two. The product Ry34 ® ™~ is analogous. One also can express it via the conjugation as Roszq ® e~ = Rosy ®@e™t.

One can see from the general form of Rasy that Rass lie in the same class of representations. Thus, Rags ® e*

always produce at most two Rag that is compatible with iterative 6-j symbol. O

+

Definition 12. 6-j symbols with one (anti-)fundamental representation = are called the primitive ones. All of

them can be written in the form

{Rl Ros Rms} (55)

+
€*  Rizza Roazu

Lemma 2. Pentagon equation implies a recurrence on 6-j symbols of the form
Ry R R Ry R R
1 2 12 _ Z o, ] 2 (112) (56)
R3 Riozs Rosss . Rs Rios R,
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where C; are some combinations of primitive 6-j symbols.

Proof. The pentagon relation in a general form is written in (27). After specifying Ry = T it reads:

Ry Ry R Riz Rz Rz | _ (57)
R34 Ri2za Rasa et Rizsys Ry
_ Ry Ry Ria| JB1 Res Riaz| JR2 Rs; Ros
- ZD 23 + +
Ras R3  Rizs Ros € Ri2za Rasa € Rosa  Rsa

We observe that the relation have three primitive 6-j symbols with argument *.
Although the primitive 6-j symbols general expression is not known, they can be computed in each particular
case from the representation theory. We are not interested in them for now, so we treat them as coefficients.

+ in arguments, they form a linear combination that can be seen as a

Let us focus on the symbols with no e
recursion. Indeed, the first row arguments are the same for all non-primitive 6-j symbols, whereas the second
row arguments on the left-hand side are Rsy C R3®@e®, Riosq C Rio3®@e™, Rosy C Ros®e*. If one set et = &,
this relation is able to recursively expand each 6-j symbol in terms of primitive ones.

We now want to construct a recursion which does not iterates through R3 and Ri23, motivated by the three-
term recurrence relation where only the argument which correspond to the order of polynomial change. For
this reason we take two recurrence relations from the previous step corresponding to et and ¢~ and make a

composition of them. With the standard notation where R,, C R, ® R; two recurrences are:

R1 Rz R12 _ ZC+ Rl RQ R;2 (58)
R345 Riosas  Rosas — ' | Rss Ria Rézg)
Rl RQ R12 _ Rl R2 R12
{ Rei R Rl } =G { R R R(m‘)} (59)
34 1234 234 j 3 123 23

For brevity we denoted all products of primitive 6-j symbols as C’ii, where =+ sign depends on the choice of e*.
In particular, Ry C R3 ® ¢~ and Rays C Ray @ et.

As the equation is obtained as a specification of the pentagon equation, there is no restrictions on represen-
tations except Ré& and R%’j ), which are summed up. Hence, we are free to specify for example R345 = R3. The
worst scenario is that 6-j symbols become zero and the identity is trivial in this case. From the representation
theory it is known that in the decomposition of R ® e~ ® €T there is always representation R C R®@e~ @ et.
Thus, we specify R3q5 = R3, Ri2345 = R123. After the substitution of one equation into another we obtain the

recurrence:

Ry Ry Ria | _ Z Z oo Ry Ry R (60)
R3s  Ri2s Roasas i " Y| Rs Rias Rézéj)

Note, that the recurrence is not unique. First, there are in general a freedom in the choice of Rj334 and R34 that

leads to a nonequivalent recurrence relation. We also could use the different order in the product Rz ® et ® ¢,

it leads to a more complex, but equivalent expression. O

Ji Tn Ry

Proposition 5. 6-j symbols { } satisfy a three-term relation.

J3 Rizz Ros

Proof. Let us make the recurrence arising from the Lemma 2 the three-term one. We make a specification
Ry = Ji, Ro =15, R3 = J3, R34 = J34. The decomposition of J; ® To ® J3 is multiplicity-free, so the pentagon

identity can be written in a multiplicity-free form. The coefficients are expressed in terms of primitive 6-j symbols
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and quantum dimensions D; = dim( Ré?% D;; = dim( R%j)).
D.D.. J1 Rgs)z; 31234 Ty Jsa Rg?,)z; Ji R%ﬂ) R123 T Js R%ﬂ)
cre; = T R R ] RS s [0 Rise RS\ REL  Ja (61)
Rig Jss Rigza| JRiz  J3 Rz
[ Rizz Js [1] Rioza Ja

From the Lemma 1 the double sum have 4 terms. We show that the recursion from pentagon equation has only

three 6-j distinct symbols, meaning that three out of five 6-j symbols coincide. We want to use the pentagon
equation as a recurrence on the non-primitive 6-j symbols. Thus, we assume that all representations in the

non-primitive 6-j symbols have no constraints. To show that the double sum is indeed three-term we should use

(i

the restrictions on RY;?) from primitive 6-j symbols in C;', Cy.

All restrictions on R(22)4 and R%j ) can be found from the following diagram:

RS © 1] > R,

T2 N J3 e E+ R(ld : (4,5)
Rég]) . Jaa _ T, ® J3 D Ry (62)
K3
R34 J345 o 513)4 ® [1] D Rosas
Ro345 Rysy :

To ® J34 D R234
The restriction in the second rows for R§§4 and R( 9 i already imposed by non-primitive 6-j symbols and in
general leaves more than two terms. The restriction that makes each sum two-term is in the first line for both
Rgzg and Ré‘éj ). We are able to apply Lemma 1 for R234, so there are only two non-trivial R234 We set i = —1

for one of them and 7 = —1 for another.

Ezample 1. Let N > 4, Ty, J; are symmetric representations Rasss = [a, ], Rs = [1]. All possible R§3)4’s can
be obtained as:

Rozas @ 1V '] =a— 18] @ [a,b = 1] @ [a+ 1,0+ 1,177] (63)

The first summand is absent if @ = b, so in principle the recurrence can have even lesser terms.

) are found in the same way. There are again two-terms and the double sum have four

The appropriate R(
summands, but two of them coincide. This fact can be easily understood from the following example:

Ezample 2. With assumptions of the previous example there are four appropriate R%j )’s that can occur in the

sum. We take only appropriate terms from the previous example and multiply them by [1V~1]:

R ¢ (EBR§2> @[] =[a—1,b+1] ®2[a,b] ®[a+1,b—1] & [a—1,b,1] & [a,b — 1,1] (64)

If 0 < a—0b < 2 some of these terms are zero. The same argument can be applied to the other classes of
representations Js, namely conjugate to symmetric and antisymmetric.

We set j = +1 in a way that two coinciding terms have (4, j) equal to (1. —1),(—1,1). Then we improve our

notation and denote R(m ) by Rg;rj ), we have just shown it is consistent. We specify Razqs = R;g), which makes
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the recurrence three-term. The resulting relation has the form:

DD J1 Réi?,)4 Rigsa | | T2 Jsa Rgzz)zx
d. 2. DDy o o x
[1] Rizz Rag [l Ryy s

i=+1j=+1

D BT Rl [T g Ryl [ T R L) (65)
[ Rizss B[\ RS s Js Riy RS

_ Ris  J3s  Riasu 1112 J3  Rias o Ji Ty Ry
1] Rizs J3 1]  Rizza  J3a Js Rizs RY)

Now let us identify the polynomial which correspond to 6-j symbol.
The three-term recurrence relation for orthogonal polynomial y,(z,«) of order n = 0... L in variable v(x),

x =0...L with parameters o = {o; } has the form:
Apyn+1(2, ) + Bpyn(z, @) + Cpyn-1(z, @) = v(2)yn(z, ) (66)

We assume that coefficients depend on a: Ay (), By(), Cp(a), but for brevity we omit it. As we can see, the
only changing argument is degree n. In the case of 6-j symbols the recurrence is connected with representation
Rs3. For the product 75 ® J3 one can introduce a linear ordering of Rééj ) by parameter j. In our notation
parameter j takes even integer values and it is bounded by some jynin and jmax. Their values can be understood

from the fusion rules, because there are only finite non-trivial R%j ).

Ezample 3. Let us consider symmetric J; = [s;], T2 = [s5] and sy > s3. Then the 6-j symbol we write the

recurrence for is

{[[81]] [s5] R

ol Ruus R%j)}, R, =[sa+s3—j,ss ] = [s2+ 7,55 " 55— j] (67)

Two possible choices of j are presented. To connect this with polynomial we need to identify ¢ with n, one can
chose any of two possibilities, it is just a convention to work either with y,(z,a) and v(z) or y_,(z,«) and
v(z)~t

Thus, we state that n = j + const and L = |jmax — Jmin|- The same situation with z, which is identified with
Ri5. We define x =0...L and x = ¢ + const in Rgg C J1 ®Ts.

The value of v(z) is just a factor in front of y,(z, @) that should depend on z. From the perspective of 6-]

symbols it is

)= [[BE B Ria
[l Rizs J3

2
(68)

It is the only term that has argument Rj2, so we use it as a definition of variable v(x). All remaining terms in
front of y, (x, @) are summands in B, that is, the terms with ¢ + j = 0 in the sum. A, and C,, are determined
analogously, A,, is in front of the y,41(z, ), hence it is coming from he term with ¢ +j = 2.

As the three-term relation is homogeneous we can multiply all polynomials by the same f(«) and still get a
solution, so it is not unique. To fix the dependence on parameters we need orthogonality relation. It fixes all

remaining freedom and the polynomial is uniquely determined.
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Let us summarize the result.

Ji T Ria Ji Ta Ry Ji T Ry Ji Ta Ry
An {J R R(_Q)} B {J R R(O)} O {J R R(+2)} =) {J R R“”}
3 123 23 3 123 23 3 123 23 3 123 23

(69)
L T, R Ris  Jos  Rissa)|

(@) = 41 5 (102) 7 W(z) = 12 J3a 1234 (70)

J3 Rz Ryg [1] Rizs Js

@) ~©0) ) J1 R§?4 Ri234 T, J3y R§?4 ’

B, = Z D234D23 (0) (0) (71)

=11 [1] Rias Ry [l Ryy Js

i = An @) ) ) 1 R§?4 Ri234 Ty Jsa R§?4
= Dj34Ds3 (0) (0) X

1=—1 Cn [1] Ri2s Ra [l Ryy Js (72)

y Ji R Rz () T2 Js RS
[1] Rizsa R;& [1] Rg3)4 J34

2.2 Three-term relation for general multiplicity-free 6-j symbols

The method applied in this section can be applied in a far more general setting. In fact, we are able to do
exactly the same procedure with an arbitrary multiplicity-free 6-j symbol and obtain a three-term relation.

Ji R R12}
J3  Rizz  Ras
or any other 6-j symbol obtained from it by tetrahedral symmetries. It is general in a sense that if R; can

By the words “general multiplicity-free 6-j symbol” we wean the 6-j symbol of the form {

be arbitrary the only Jp,Js that leave the 6-j symbol multiplicity-free are either symmetric, or conjugate to
symmetric or antisymmetric representations. There are many other multiplicity-free 6-j symbols, but they have
restrictions on the form of at least three arguments, whereas we are considering the 6-j symbol with only two
specifications.

All representations are defined as in the previous subsection. Js4 is uniquely determined as the only Jsq4 C
J3 ® e7. Considering Ri234, we need to specify it as it can not be determined from fusion rules. We denote
e; = (0,...,0,1,0,...,0), 1 < i < N, so Rja34 can always be expressed through Riss = [p1,...,un] as
Rig34 = Rgsei) = [ua, .oy pimrs i — 1, phige1, -, N -

Analogously, setting Rogas = [ft1,. .., un], we can write R;gf) and Régeﬁej). Note that the summation in
the pentagon is carried out over all ¢, 7 coming from fusion rules. It is easy to show that the number of possible
i and j is the same and we denote it by b < N. For instance, in the previous subsection we had Ry3 = [a, b*, c]
and ,j € {1,k + 2} from fusion rules, so b = 2. The equality between the number of terms for e; and e; can
be derived similar to the Lemma 1 but with greater number of terms in the fusions. Moreover, analogously one
can show that there are b distinct Rq234 that do not break fusion rules.

However, in the general situation 6-j symbol can have have b = N, so the relation from pentagon equation
will have up to N2 + 1 terms, they differ only by Régei+e'7)7 with up to N(IN — 1) 4 1 distinct non-primitive 6-j
symbols. This relation is by no means three-term, so there is no corresponding orthogonal polynomial of one
variable. But it is reasonable to suppose that 6-j symbols are orthogonal polynomials in several variables. Let

us recall how the main statements are generalized for multiple variables [20].
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General properties of orthogonal polynomials in several variables. We use the standard multi-index
notation for monomials of d variables = (x1,...,24) and powers * = z{" ... 25? for d > 1. The number

la| =, a is called the total degree. A polynomial P has the form
P(z) = anxo‘, cq €C (73)

The main problem difference between orthogonal polynomials in one variable and orthogonal polynomials in
several variables is the ordering. Monomials of one variable can be easily ordered by their degree, deg(z*') <
deg(xall) if @ < o. If we have several variables, the relation @ < o’ can not be naturally defined. There is a
natural grading by the total degree, but inside the subspace of |a| = n there are several possible orderings, e.g.
lexicographical.

Due to this difficulty, it is convenient to consider homogeneous polynomials, in which each polynomial has

the same total degree. The space ﬁﬁ of such polynomials is graded:

~ L~ n+d-—1
¢ ={P: P(z) = Z Cax™}, rd = dimI1¢ = ( . ) (74)

la|=n
As arbitrary polynomial of total degree n can be expressed in terms of the homogeneous polynomials by setting
xrqy = 1. The space of arbitrary polynomials P? in d variables with monomials of total degree n or lower is
denoted by II¢. We deduce that

¢ ={P:P(z) = Z cax™}, dimII = (nJr d) (75)

la|<n "

Definition 13. We define the orthogonality with respect to a bilinear form (e, e) on I1¢. Given a polynomial

P, it is said to be orthogonal polynomial if for all orthogonal polynomials of lower total degree @ it satisfies
(PP.Qm)y=0, VQell?, ifm<n (76)

It is convenient to write a set of orthogonal polynomials of total degree n as a vector of, say, lexicographically

ordered polynomials

Pn:(P£)|a|:n:(P(;l(l)a'“apg(r;{),)T (77)
Theorem 2. (/20]) For n > 0, 1 < i < d there exist unique matrices Ay ; : r& x 13 1, By, rd x rd and
C..i:rd xrd_| such that

xiﬁn = An,iﬁn+l + Bn,lﬁn + Cn,iﬁn—ly 1 S 7 § d (78)

where we define ]3_1 =0and C_;; =0.

For a given polynomial P there are precisely d distinct three-term relations, each iterates on degree n and
produces monomial ;. In each relation the number of terms is up to 1+r¢ | +74 4rd 11, so in general orthogonal
polynomials may have a cumbersome generalized three-term recurrence relation.

The Favard’s theorem can also be generalized in the following way.

Theorem 3. Let {P,}22, = {P" : |a| = n,n € N}, Py = 1, be an arbitrary sequence in 1. Then the following

statements are equivalent.
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e There exists a linear functional £ which defines a quasi-definite linear functional on 11% and which makes

{P,}2° an orthogonal basis in I1%.
o forn>0,1<1i<d, there exist matrices A, ;, By ;,C, i such that

— the polynomials B, satisfy the generalized three-term relation (78),

— the matrices in the relation satisfy the rank conditions:
kA, ; =1tkCpyi,; =1rd (79)

Three-term relation for 6-j symbols.

Ji Ry Ry

Proposition 6. 6-j symbols
J3  Rizz  Ras

} satisfy a generalized three-term relation and form or-

thogonal polynomials.

The relation obtained from pentagon identity has the form:

S (p0, " Ry ™ Righ | [Re T R\
K3 1, 6% [0
=5 N0 Rwes B[ \DD RS s

23

. {J1 Ré(;—ei"rej) Rios }{32 Js Ré(;—eﬁ-ej)} y {J1 Ry Ris }) _ (50)
RIS VR (vt (R LRI £ P O s Rz RS5O
R By R\ R g5 Ris| [A R Ri
N { [1] Ris J5 } {[[1]] RS, Ja } - {J3 Ri23 Ré‘?}

To interpret this relation as a generalized three-term one, we introduce variables:

- Ris Jss R\ [Ria  Js  Riss (81)
[1] Ries Js M1] Rg;gzl J34

From the discussion in the beginning of this subsection we have found that there are b nonequivalent recurrence
relations, enumerated by 1 < k < b. It can be seen that x; does not depend on Rs3 and Rj2, which we associate
with degrees and coordinates.

There are several ways to introduce the ordering in 6-j symbols by degree, we use the following one. For
Ro3 € Ry ® J3 we write a vector a = (avy, ..., qp) encoding the number of boxes added to the Young diagram.
Obviously, >, a; = |J3|. We set n = |J3| — a1, let us examine it. Indeed, if n = 0, then Ry3 is uniquely fixed.
If n = 1, there are b polynomials and so on.

We group the recurrence relation according to this ordering.
’ Ji R R ’ Ji R R
Do Aai T ey (T2 Cai T aver-en (=
Js Rizzs Rsq Pt J3 Rizzs Ryq

Ji R R J1 R R
Boij 7 o eberen (F Ban )47
JS R123 R23 ’ J3 R123 R23

[
e

Now the identification between generalized three-term relation and the relation above is obvious.
The statement above holds for arbitrary ¢. There is a result for ¢ = 1 known for a long time [21], that 6-]

symbols indeed form an orthogonal polynomial. The three-term relation is obtained explicitly for the known
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expression of multiplicity-free 6-j symbol.
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3 Pentagon solution for types I" and II*

In this section we consider 6-j symbols of types IT and II*. They are multiplicity-free and iterable, so they
can be written as some orthogonal polynomials. We are interested in these 6-j symbols because the three-term
relation for them can be written explicitly. The corresponding polynomials are tightly connected with the Racah
polynomials and we can express a general 6-j symbol of types It and IIT in terms of some Racah polynomial.

This statement can be formulated more precisely in the following way.

Proposition 7. All 6-j symbols of type I and II™ can be written as some Saalschiitzian 4®3:

N
re T2 1 a1, 02,03, 04
| =Kr-aPs 6,4 | (83)
T g b1, b2, b3

—s1— 82+ 712 — 2(N — 2)07,2
s s g —81—82—83—8123—2(N—1)
—S53 — 5123 12
2a; = n s 2b; = T12 + 93 — So — S193 + 2 . (84)
—S1 — S123 T T'23
T12 + 793 — S1 —83+2+2(N—2)(5T,1
—82 — 83+ T3
with some monomial coefficient K1 that depends on type and representations.

The calculation of coefficients is possible due to the following result [8], which is discussed in detail in

Appendix A:

Proposition 8. Any multiplicity-free Racah matriz U of size 2 by 2 is of the form:

—U11 U112
U12 U11
[K12 — K13 — Kag| [Keg — K12 — K13 (K12 + Koz — ki3] [K12 + Kag + K13]

e [2K12] [2K23] ’ 2 = [2k12] [2K23]

U

where ¢™2,q"?*,q"'% are the eigenvalues of normalized matrices Ri2, Ra3, R13, kij > 0, expressed in terms of

Casimir eigenvalues:

A 1
Ai(Ri2) = "9 "M B2 for Q; C Ry @ Ra, q™? = L = g7k —xea) (86)

T Ve

3.1 Orthogonal polynomials for type I

In this subsection we derive the expression for type I* 6-j symbol. The technique requires a lot of calculation,

so we split it into several parts:
1. Write a three-term relation on the 6-j symbol.
2. Express all coefficients as 2x2 Racah matrices.

3. Associate 6-j symbol and Racah polynomial.

Three-term relation. Type I 6-j symbols are iterable. The three-term relation can be constructed as in the
general case. An example of the Ro3 ®ﬂ® [1] decomposition for N = 4. Representations Ragz, Rosq, Rosss are

restricted to the form [a, b 2] by fusion rules.
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Example 4. Let us specify N = 4 and Ra3 = [4,2%]. The decomposition of Rez ® e~ ® 7 is:

|l®ﬁ > |® [ ®Daﬁj@2- e [1] (87)

We specify RS as follows. RYY = Rysss = [4,22], B2, = [4 + 2i, (2 +4)?] for i € {—1,0,1}. Representation
R;g)4 corresponds to [3 + i, (2 + d;1)%]. Indices are representing the width of a Young diagram.

For a general case we denote:

rig + 53 — 517V 72
Rig = ||r1g, =21 ﬂ )
| 2
i I To3 4+ 20+ sg — s3 V2 .
R%) = ||res + 24, 2 9 2 2 ﬂ ) i€{-1,0,1}, (88)
; [ To3 + 201 + 59 — 53V 2 .
B = [ i, ¥ Buabon ™)

The three-term relation for type I is:

Si RS}, Sisa| [S2 Sa RY,
Z Z 234 23 ) x
P —) [1] Rizs Rozus [1] Rss Ss

S R ) R125 ?2 53 R;?_j) % S1 S92 12
[1] Si2sa R234 (i} R§13)4 S34 S3 S123 Toz+ i+ ]

_ Rz Ssa  Siosa Ria S3 Ria3 % S1 52 T12
[1] Rizs Ss [1] Si2sa  Ssa 53 S123 723,

Or just
A(T%) S1 52 T12 +B(r23) S1 52 T12 —|—C’(r23) S1 52 T12 _
§3  S123 T3+ 2] 53 S123 T23], 53 S123 T3 — 2|, (89)
—1/(7“12) S1 52 T12
§3  S123 T3],
The coefficients in the three-term relation are:
2
Rz S3  Rios
V(?”lg): Fr—
[1] Sizza Ssa
i=1  A(rgs) _ p@nd pEnt2i Si RY, Rz [S2 Sa RS, »
i=-1  C(ry) 2 [1] Rizs Rosss \[1] RS S (90)

WL REY Rug Sy, S35 RZY
[1] Ri2za 3234 () Rél:;)4 S34
s, RY. R Sy Sa RY
7‘ B ’I“ D (2n+1) D(2n) 1 234 1234 2 34 234
) Z ) Z [1] R RY [\ RS S5

Primitive 6-j symbols calculation. The primitive 6-j symbols above are elements of 2x2 Racah matrices.

2

The matrices of this kind was found explicitly from the cabling procedure [8], we process this result in the
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Appendix A. The obtained 6-j symbols are as follows.

The v(ry2) term:

I/(T’ ): Ry [[534ﬂ Ri234
12 [[1]] Ryo3 [[53ﬂ

2 2k12 = 85123 + N — 1 [83—7'12+8123][7'12+8123+83+2N—2}
2 2

= 2 = = 91
f23 = 5 [s123 + N — 1][s3]D1234 D3 1)
2/€13=7“12—|—N—1+

The 6-j symbols forming A(res), B(ras), C(ras) terms:

[51] R;i3)4 Risae 2 22&12 = Slii ;N Ii ' [r23+N—1+i—j(231—3123—N+2)][j(sl+3123+N;+r23+N—l+i}
i+j = |4R23 = T23 - v = P
[  Rizs Rg?—]) s = 51+ 1 [s123+ N —1][ras + N — 1+ i]D1234D§3+J>
(92)
N
T2l [s3] Rggﬂ') 2 |26z =r23 + N — 141 [j(83+N71)7S§+T23+N72+i][52+r23+N+i2+j(53+N71)]
T 0) =| 2k3=s3+N—1 = : 5 (93)
[ Ryss  [ss4l iy — s 4 1 [ras + N —1+i][ss + N — 1] D34 D53

The coefficients A(ra3), B(r23), C(r23), ¥(r12) can be simultaneously multiplied by the ro3-independent factor
without change of the solution. The normalization factor [s123 + N — 1][s3]D1234 D3 is chosen to simplify v(r12).

The coefficients in the type It three-term relation (89) are then:

V(r1s) = [834-8123—7“12] [_83+S123+T12 CN41 (94)

2 2

[81*8123+2+T23] [*8123*81+7‘23] [*53*52+T23] [T23*83+822*2+2N]

B _ 2 2 2 _
1(rzs) [r23 + N][r2z + N — 1]

[*81+S123+2N*4+7‘23} [8123+S1+2N+T23*2] [52+T23+2N*2+33] [T23*82+83] (95)
Ba(ra3) = — 2 2 2 2
[r23 + N = 2] [ra3 + N — 1]
[QN—31+5123—2+T23] [8123+81+2N+T23] [2N—2—32+7'23+83] [82+7'23+2N+83] [81—8123+2+7'23]
A(T23) _ 2 2 2 2 2 %
[7‘23 + N] [’I“23 + N — 1]
[—8123—281+T23} [—53—62’2+T23] [T23—83+62'2—2+2N]
x [7”23—33+82+2]
. (96)

\/[81—81534-7"23] [—8123—821+T23—2] [—83—2582+T23] [7“23—;34-32} [—81+3123-|'22N—4+T23]

C(ng) - [7‘23 + N — 2] [7“23 + N — 1] x

[8123+81+2 N+T23*2] [82+T23+2 N*2+83] [7‘23*52+53]
2 2 2
x [83782+T223+2 N74:|

Racah polynomial. The Racah polynomials and some other polynomials are identical if and only if they have
the same three-term relation and the polynomials are monic. That is, the coeflicients A,,, By, C,, v(x) have the
same expressions and the polynomial’s base value yo(z) = 1. If the latter condition is not fulfilled, then the
polynomials will differ by a common factor y,(x) = R, () - yo(z), as it can be seen from the three-term relation
itself. We have a problem with the constructive derivation of this factor, so we apply the following trick. Both

of this polynomials by Favard’s theorem possess a unique orthogonality relation. For both Racah polynomials
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and 6-j symbols we know the form of this relation including the exact expression for the measure. As far as the
three-term relation coincide for both polynomials, we can extract the factor yo(x) by equating the measures of
orthogonality relations.

We can choose a special normalization that makes our three-term relation and Racah polynomial’s three-term

relation identical. This normalization is made by the following polynomial redefinition:

S1 52 T12
PT23 (7‘12) =

] - K37 R(r23) (97)
83 S123 T23),

The three-term equation is homogeneous, so we can multiply all terms by a common factor and the coefficients
B(ras), v(riz) for Pr,,(r12) are the same as for 6-j symbol. Only A(re3) and C(ra3) are changed. We choose the

The monomial factor is uniquely determined by the property that new coefficient C(ro3) is equal to —Ba(ra3).

[51*8123+T23]! [7’23*S3+S2j|!
K3rr(res) = [ 2 2 X (98)

—51+5123+2 N—4+T’23] | [5123+31+2 N+T23—2] |
2 ° 2 :

1
X \/ [33—324-7“2234'2 N—4] ! [32+7“23+22N—2+$3 ] ! [31234-;1—7"23 ] ! [S3+S§—T23 ] !

The fact that A(res) transforms into —Bj(ra3) tells us that the polynomial has Racah polynomial properties.

The new polynomial has the following three-term relation:

A(r23) Pryy (r12) — (A(123) + C(r23)) Prog (r12) + C(r23) Proy (112) = v(112) Proy (112) (99)

The variable v(ryp) = — [#3t82a=n2 | [sadsitne 4 N — 1] encapsulates Ry2 dependence. The three-term rela-

tion coefficients A,,, C,, satisfy the simple relation B, + A,, + C,, = 0:

[31—3123+2+7"23} [—8123—$1+7“23] [—83—324'7“23] [7“23—83+52—2+2N]

A, = 2 2 2 2 _
[T23 +N] [7‘23 + N — 1]

[—51+8123+22N—4+T'23} [8123+81+22N+"'23—2] [82+7‘23+22N—2+83] [7‘23—;2+83]

[ro3 + N — 2] [rag + N — 1]

(100)

C, =

These coeflicients are of the same form as Racah polynomial coefficients (49). The identification is given by:

a=—s3—1
b=—-s9+1—N
d = $1—8123—83+S2
2 (101)
g= _5123+s12+s3+52 - N
_ 83+s2—r
n = 2 23
T = 83+81§3—T12
Thus, the polynomial P,,,(r12) is proportional to Racah polynomial:
Rz = [[s2+ 83 — 2n, (52 — ”)N72ﬂ 2n = sy + 53 — 723, (102)
Rz = [s14 52 — 22, (s2 — )V 7] 2z =51+ 5~ 712
R,(v(2)) = K(2) + Psyyss—an(s3 + s123 — 2x) (103)
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We can express the 6-j symbol up to a monomial factor K,y = K(z) - Ksrr(n) as:

—S82—83+T23 —S2—S83—Ta: —S83—S123+T —S3—S —7r
s1 S9 712 2 23 23’ 2 23 23 _N‘i‘l, 3 523-"- 12, 3 523 12 —N—Fl.
'Kort:4F3 14,4
1

S3  S123 T23 —sa3, _sz+53+28123—s1 N+ 27_51+32+253+5123 ~N+1

(104)

The monomial factor K(x) depends on r15 and s1, s2, S3, S123, but invariant on ro3. The expression of K(x) is
not unity because two polynomials above have different orthogonality measure, although they have the same
three-term relation. It does not contradict with the Favard’s theorem because we do not require P,,,(r12) to be
equal one for n = 0. This is hard to do explicitly because we do not know the value of polynomial at n = 0 and
we can not obtain the normalization.

On the other hand, we can use the orthogonality relations of both Racah and 6-j symbols and use the Favard’s

theorem to associate the measures. On the one hand, for non-trivial 6-j symbols:

Z [81 So 7“12] [81 S92 7“12] DisDos = 1 (105)
1

e LS3 S123 T23], [83 S123 T23

On the other hand, if we write it as Racah polynomial, there is such K,,; that

3R ()2 KD(Dn) ~1 (106)

is the orthogonality of Racah polynomial with the canonical measure (50). It provides us with the proportionality
coefficient between 6-j symbol and Racah polynomial. This coefficient K,,; is monomial, but cumbersome, it is
better to obtain it as the identification between equations (50) and (106).

The known empiric formula [1, 6] is

lsl S9 7“12] K.,y <a17a27a37a4;q’q>, (107)
1

53 84 T23 b1, b2, b3
—81 — So9 + 71
! 2+ 2 —31—82—53—84—2(N_1)
—S83 — S r
20/1‘ = 3 4 12 R Qbi = 719 + 793 — So — S4 + 2 . (108)

—81 — S4 + 7o:
Lo r12 + 723 — 81 — 83+ 2(N — 1)
—82 — 83+ T23

It can be transformed into the same hypergeometric function via Sears’ transformation (35):

T,Y, 2,1 [v—z—n—1] ! [u—z—n—1],![v—1]4! [u—1],! W—T,W—Y,Z,N
o 14,9 | = o 14,4 |, (109
! <uw ! q) ool fo—n— 1l fu—z— 1, -1l ** \1cup e 1o’ @) 1)

The arguments then become:

—S1— S+
! 2 12 —81 — 82— 83— 84 —2(N —1)
—81—82—T12—2N—2
2(11‘ = s 2()2 = —281 . (110)
—81 — 84+
b —2s1 — 2(N —2)
—S81 — 84 —To3 72N+2
Which is exactly what we need.

The question about phases in tetrahedral symmetries and the three-term relation can be solved as follows.
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The sign can always be chosen in such a way that cyclic permutations do not change the sign, according to

Butler [15]. It ensures that we know the signs correctly.

3.2 Orthogonal polynomials for type IT*

The v(r12) term:

Riz [ssa] Riosa
1]  Riaz  [s3]

The 6-j symbols forming A(ra3), B(ra3), C(ra3) terms:

[s1] Rigy  Ruoss
1] Ris RS

2 2K12 = s123 + N-—1 83+712—8123+21[r12+8123—83
[ Il ]

ko3 = S5+ N = 2 2 111
23 3 [s123 + N — 1][s3 + N]D1234 D3 (111)

I/(’I"lg) =

2/11327‘124—1

2 2K12 = s123 + N — 1 [T23+N—1+i—j(81—S123—N+2)][]’(81+8123+N)+T23+N—1+i]
=|2k3 =123+ N —-1+1 = 2 2
2k13 =81 +1

[s1234+ N —1][res + N — 1+ i}D1234D§§“>

(112)

I
2 2Rz =123 + N —1+1 [—j(33+1)—32+r23+i][32+r23+2N—2+i—j(83+1)]
_ 2

2oz = s3 + 1 = z (113)
* ° [ros + N — 1+ i][s3 + 1}D34D£§ﬂ)

[s2]  [ssl RS
] RS, Tssd
Three-term relation has coefficients:

_ 2 _
v(riz) = [83 + 712 . 5123 + } {Tu + 5;23 53} (114)

2/{13:SQ+N—1

[81—51232+2+T23] [—8123—281+T23} [83+2N-2|'82+T23] [T23—52+523—2+2N]

A(roz) =
(r2s) [r23 + N — 1] [ra3 + N] 115
[—81+8123+2N—4+T23] [5123+81+2N+T23—2} [—53—2—82+Tz3] [T23—S3+82] ( )
Clra3) = 2 2 2 2
[7“23+N—2] [7“23+N— 1]
It is Racah polynomial with parameters:
a=-s133+1—-N
= —81 — 1
§ = S1—S123—S2+s3
2 (116)
_ 83+82—51—5123
n = S123+81—"a3
_ +8123—8:
T = 2 Sézs 53
The 4®3 function is of the form:
—5123—51+7“23, —S123=S1=T23 _ N | 17 —T12—5123+53’ T12—S123+83 +1
4(1)3 2 2 —S2+83—81—8 s —i2-s —81—8 ° 14,9 (117)
_5123_]\[4_27 2 321 1237 3 221 123+1
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It can be transformed via two Sears’ transformations to

—S123—81+7T23 —S123—S1—T23 _ T12—S2—81 —Ti2—S2—81 __
4(I>3 : 778 +s 275 —s + ];s i\? —s 725 7 2 1’ %9 (118)
—s1, 2 321 123 3 221 128 N 41
and then to
—8123—81+T23 —83—82+T23 Ti12—82—S1 T12—8123—83+2—N
2 ? 2 ? 2 ? 2 .
4¢)3 74,4 (119)

7“23—82—28123-"-7"12 +1,1+ —33—51-57‘234-?“12 —83—82531—3123 ~N+1

)

As is can be seen from the arguments, the hypergeometric function coincide with one written in the Proposition

7, this completes the proof.
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A Racah matrices from back-coupling rule

A.1 Back-coupling rule solution

In this section we find a general formula for Racah matrix of dimension 2. In this section for simplicity we
assume that ¢ € R, which correspond to *-representations [3, 22]. In particular it allows to make Racah matrices
orthogonal, as the algebra becomes real-valued. The approach is similar to [§], but we enrich it with the proof
of a solution uniqueness. The statement is that the Racah back-coupling rule determines Racah matrix if the
dimension equals 2.

Let us briefly recall the different forms of the Racah back-coupling rule (17). It was shown in the introduction
that the Racah back-coupling rule follows from the R-matrix definition, namely hexagon axioms (10). It can be
compactly written in terms of Racah matrices as in (20). Restricting matrices only to the subspace where they

act non-trivially, the equation then becomes:
ﬁ1,2U3127€1,3U2317€2,3U123 =1.ggm s (120)

This equation simplifies a lot if we normalize each R-matrix and consider matrices of dimension two.

~ Aij 0
Rij; = ( Sj 1 ) , Uiz = (i), Uazi = (vij), Usi2 = (wij) (121)
-
The phases convention we use restrict us that |R| = —1. Note that \;; can be either positive or negative, but

the matrix always has |R| = 1. The Racah back-coupling rule reduces to:

A12 0 Ul U2 A3 0 vl V12 A23 0 wi wiz) 10 (122)
0 —ﬁ Ul U22 0 —%13 V21 V22 0 —,\%3 Wi W22 0 1

This equation can be solved directly with respect to Racah matrices entries. We consider two important
cases. The first one is when the representations on which act R-matrices are equal. This case is known as the
knot case. The second one is a general situation when we consider (122) in a full generality. It is called the link

case.

Knot case. It implies that R = ﬁlg = 7%23 = ﬁlg and U = Uja3 = Uszy = Us1a. So, the equation becomes:

(RU)? =1 (123)
Note that from the determinant sign we obtain |U|?> = —1, so we can write U as unitary matrix with negative
determinant.
U:(C 8), Arsi=1 (124)
s —c
Proposition 9. The general solutions of the knot back-coupling rule (123) is either of the form
¢ £reit
U= s S 2R r—(* 0 (125)
LV ¢ ’ 0 -1
B &+1 A
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or when A = £1 it also can be

1 0
U=+ (0 _1> =R (126)

Proof. There are three linearly independent equations:

A
C:—ﬁ, AeR
3 (O + 17 =X =0 s:i¢1+-7
(AN + A=A =1) (c(N2+1)+ ) = = I (127)
(AN —eh—22) (e(W2+1) +)\)70 A’ »
C = =

The system can be manually solved in terms of ¢, there are two solutions, each with some sign ambiguities. They
are written on the right.

The first solution is general and can be applied for any A. The second solution is degenerate and can occur
only when A = +1. O

The signs are not fixed from the equations. This is not an issue because different signs in the solution
correspond to a particular choice of basis and can be determined only by convention.
We can show that the second solution is absent if we restrict to the multiplicity-free case. We prove this fact

in the more general link case.

Link case. For brevity we denote by indices a, b, ¢ any cyclic permutation of indices 1, 2, 3. Parameters ¢, and

s, are elements of the matrix Uqp.

Proposition 10. General solution of 2x2 Racah back-coupling equation (122) has 6 groups of solutions:
1. dgp Mg =11 = 2= cg =ct=1
2. )\ab)\bc)\ =41 = 32235202:1
3. )\12,6 =1L AapAea =21 = = 1,5% = 52
4.)\ =1L ApA, =+1 = 0221,82262
5. Ma=A35 = A3 =1

6. Nontrivial solution:

 [Oh o NR0R BN 0% N (- M) .
€= 2 1 2 ’ = 2 1 2 (128)
Af5(1 = Af2) (1 — A%3) Afs(1 = Afg) (1 — A%3)

Proof. The equations can be solved with the help of computer algebra. O

A.2 Solution uniqueness

Our claim is that although there are a lot of degenerate solutions (the first five groups), all these degeneracies
disappear for multiplicity-free Racah matrices. The key point is that Casimir eigenvalues of corresponding
representations satisfy two properties. The first one is that R-matrix eigenvalues satisfy inequality A, # +1.

The second one is a triangle inequality on Casimir eigenvalues imposed by |AapApe AL | # £1.
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Conjecture 2. Multiplicity-free 2-dimensional Racah matriz from Uy(sln) with ¢ # 1 always has only a non-

trivial solution of Racah back-coupling rule.

We do not prove this statement in the paper, but a lot of examples give us a hint that it can be true. In
this paper we need the more concrete version of this statement and prove it. Namely, we just show that 6-j
symbols that arise as coefficients in the three-term recurrence relations satisfy only nontrivial solution of the

Racah back-coupling rule.
Lemma 3. R-matrices acting on the pairs of representations from Ry ® Ro ® [1] has distinct eigenvalues.

Proof. Let us consider Roz first. From here we assume that ¢ # 1 and the product of representations is

multiplicity-free. The R-matrices then have eigenvalues:

Aap = q%(m?l—mgz) (= g for Q; C R, ® Ry, Q C Q; ® Ry, Ky = Z (i—17) (129)
(i,5)ER

Here x are the second Casimir eigenvalues. It acts on the space Ro ®[1], which can be decomposed on irreducible
representations in a multiplicity-free way. Two eigenvalues correspond to diagrams, say, u; and po. These
diagrams are almost the same partitions: they differ by the displacement of the only element. From multiplicity-
free condition we can state that the displacement is non-zero. Thus, the sum in x93 reduces to the only non-zero

term:

2k = Z (i—J)— Z (i —j) = (i1 —ia — j1 + j2) > 2 (130)
(.3)€m (4,3) €z
The Young diagrams pq and po are lexicographically ordered, so i1 > i9 and j; > jo. Thus, the eigenvalues of
Ro3 are not +1.
The eigenvalues of R12 are obtained in the following way. Let us again denote the Young diagrams corre-
sponding to eigenvalues by p; and us. Then we can connect them because py ® [1] D Q C p2 ® [1]. It means

that both p; and po differ from @ by one element and hence k12 reduces to a single term and again it is always

positive:
1 . . , .
K12 = 5(21 —idy —j1+J2) > 1 (131)
The derivation for R3 is identical. O

This lemma shows that the solutions from groups 3,4, 5 are absent for considered representations. To handle

the first two groups we need the following lemma.

Lemma 4. For the 2-dimensional Racah matriz of the form:

a, bV 2 S
U(H ] H [[C,EN]]—Q}D (132)

the solution is unique and non-trivial. In particular, there is no degeneracy £AkK12 + Akog £ Aki3 = 0.

Proof. This matrix is of dimension at most 2, it can be deduced from fusion rules. The corresponding set of
three R-matrices has the same dimension. It is possible to write explicitly the representations on which each

matrix acts.
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The representations qu) for R12 are found from [a, bV 2] ®@[s] D QEH) C [¢,d¥~?]®[1]. Using Littlewood-

Richardson rules we derive the diagrams and obtain the eigenvalues:
P =l L@ )Y QY = e @+ )Y hp =YY (133)
The same procedure can be done for Ro3 and Rq3:

(123) = [s + 1], (223) = [s, 1], Aog = q%(sﬂ)

A (134)
P =la+ 1,087 QFY =a bV ], g = gtV

We can see that each eigenvalue is non-degenerate in a sense that kg, 7 0. To go further we need to note that
the Racah matrix is non-trivial only if additional fusion rules are imposed on c. For a fixed a, b, s we can obtain
that [c, d¥ 2] is of the form:

min(s+1,b)

et Ple[slell= @ la+s+1—ibV 2] (135)
=0

From this decomposition we obtain that max(0,a —s —1) <c¢<a+ s+ 1. As k4 > 0, we need to check only
thee cases of +k19 + Koz £ K13 # 0:

—n12+/€23+/<;13:a+s+1—(a+s+1—2i):21'20
Ki2 —kos+riz3=a—s—1+2(N=1)+a+s+1—-2i=2(N—-1)+2a—2i >2(N—-1+a—0b)>1 (136)
Kio+kog—Kizs=s+1l—a+(a+s+1—-2))=2(s+1+4+4) >0

The equality +x12 & ko3 £ k13 = 0 is satisfied only for maximal and minimal 7, but these values make Racah
matrix one-dimensional. Hence, for two-dimensional Racah matrix of considered type there are no degeneracy
and the solution is unique and non-trivial. As the product of diagrams is commutative and associative, the same

result is true for arbitrary permutation of the arguments [a, b ~2], [s], [1] in Racah matrix. O

Lemma 5. For the following 2-dimensional Racah matriz the solution is unique and non-trivial:

a,b Tsl
U (ﬂmﬂ e Mzﬂ) (137)

Proof. The proof is analogous to the previous lemma. O

A.3 Two-dimensional Racah matrices

Let us consider the the non-trivial solution of (122) and write it in a form appropriate for our computations.

The Racah matrix is:

¢Oﬁﬁ@@@%ﬁﬁ@ ¢@%ﬁ»@ﬂﬁ»%&)
)‘%3(1 — )‘4112)(1 — /\4213) )‘%3<1 — )‘4112)(1 — A%3)

Uras = 2 2 42 2 32 )2 2 2 42 2 2 42 (138)
\/ (35 — X22)35) (1 = MM s 03s) \/ (M = X303 (O — VhaAda)
Mg (1= Ap)(1 = A3g) AZ3(1 = Afp)(1 = Ads)
where \ are normalized R-matrix eigenvalues and they are chosen to be always greater or equal to one.
Ai = @i TR for Q; C Ry @ Re, Q C Qi ® Ry, A= grrerThes) = gz (139)
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The matrix entries can be written as a ¢g-numbers:

Atz AizAog
A13A23 A12

1
Ay = A3A35 = M2 A1z das < > = A12A13A23 <q - q> [K12 — K13 — Kas] (140)

So the matrix becomes:

\/ [K12 — K13 — Ka3] [Ka3 — K12 — K13] \/ K12 + Koz — K13 [K12 + Koz + K13]

]
U123 _ [2512] [2&23] 2%12] [2523] (141)
\/ [K12 + Koz — K13 [K12 + K23 + K13) \/ K12 — K13 — Ka3] [Ka3 — K12 — K13]
[2r12] [2r23] [2K12] [2K23]

Ezxample 5. Let us compute the symbol:

[a,bN 2] [s2]  [s123 —1] (142)
I [s123] [s2+1]

The first we need to do is to obtain Young diagrams corresponding to Rz, Ro3 and Rq3:

[s123] ® [1] = [s123 + 1,1V 2] @ [s123, 1V 1] 2k12 = S123 + N — 1,
[[82]] ® [[1]] = HSQ + 1]] D [[82, 1H 2K93 = 82 + 1, (143)
[a, 0N ] @ [1] = [a + 1,0V 2] @ [a, bV 2,1] 2k13=a+ N —1

We recall that the basis in for Racah matrix is constructed from lexicographically ordered Young matrices. Thus,

we obtain the following value:

[a,bN=2]  [s2]  [s123 —1] ’ _ [sategrama][atazghoa—t 4 N] (144)
I] [s12s]  [s2 +1] dim([s123 — 1]) dim([s2 + 1])[s125 + N — 1][s2 + 1]

We finish this example with the simplifying result:

For Racah matrices computation we use the following simple expression:

k — -k -
U|? = (k23 + k(K13 — Ki2)|[k12 + K13 — k(K23)] . + (145)
[212][2k23] -+
The sign k is chosen for (1,1) and (2,2) elements of matrix as +1 and —1 for the other two.
The eigenvalues are calculated above and there are basically three cases:
2K12 =5 Ri®Ry=[s—1,1]® [s] (146)
2k12 =5+ N Ri®Ry=[s—1,1V2| @3] (147)
2k12 =1+ N Ri®@Ry=[r,c" 2 ®[r+2,(c+1)"? (148)
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