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1 Introduction

Cooper [1] has shown that if interactions between electrons in a metal
are attractive for the levels in the vicinity of Fermi surface, then pair
of them with opposite momenta and spin create a bound state with
negative energy. Since then there have been a lot of works exploring
properties of the ground state for fermions with interactions. On this
ground is based the consistent theory of superconductivity of Bardeen,
Cooper and Schrieffer [2, 3] and Bogoliubov [4]. Works of Ginzburg and
Landau allow to describe phenomenological theory of superconductive
phase [5, 6], called as W-theory.

Gorkov’s work [7] is based on the following physical concept. He
has shown that transition to superconductive phase can be considered
as condensation of Copper’s pairs. As was mentioned above, Cooper
have just shown the possibility of such a pair formation [1]. Gorkov has
shown [7], that analytically this phenomena is equivalent to appearance
of anomalous Green’s functions (T (x1)Y(x2)) and (T (x1)Y(x2)) (4.2).
Thus, non-diagonal long-range order characterizes the superconductive
phase transition. Complex order parameter in this theory is the anoma-
lous Green’s function with coinciding time arguments (3.7). Further
Gorkov has proved that this order parameter satisfies the Ginzburg-
Landau equation with the corrected charge of electrons from e to the
charge of Cooper’s pairs 2e [§].

However the question of the exact process of rearrangement of the
ground state in time is still open. Dilute fermionic alkali gases cooled
below degeneracy [9] are expected to host the paired BCS state [10, 11].
One of the attractive features of this system is the control of the interac-
tion strength achieved by using magnetically tuned Feshbach resonances
[12, 13, 14, 15, 16, 17, 18|, which provides access to the strong coupling
BCS regime. Also, since the characteristic energy scales in atomic va-
pors are relatively low, while coherence times are long, one can perform
timeresolved measurements on the intrinsic microscopic time scales, and
explore a range of fundamentally new phenomena in the time dynamics
of the paired state.

In this work we calculate the time evolution of “normal and anoma-



lous* expectation values of the creation and annihilation operators: (a*a)
and (aa), respectively, in the first and second order in g. Our initial
motivation was to write the joint system of kinetic equations for these
quantities and use it to help understanding the dynamycs of the transi-
tion to the superconducting phase, but equations appeared to be more
complicated than we expected even in the first order in g. So we are
only on the start of our work. Namely, equations are written, while their
non-trivial solutions are not yet found. So far we have just shown that
stationary condensate solves them.

Analogous kinetic equations appeared in the De-Sitter space as shown

in [21] and [22].And analogous phenomena of condensation shown in [19]
and [20].



1.1 Functional integral representation

In this section we review the superconductivity phenomenon in the sta-
tionary stage the with help of the function integral. Our main goal is to
derive the Ginzburg-Landau (GL) functional and to calculate the ther-
modynamic properties of superconductors. Our discussion starts from
the partition function for the BKS model:

/Dxp U] exp[ / dT/d?’r\If ( +—a) — g0 U 0y |

(1.1)
In this path integral we consider fermionic fields as Grassmanian and
assume non-zero temperature. Then we decouple the interaction term
with the help of the Hubbard-Stratanovich transformation. NAmely, we
introduce new complex scalar field A as follows:

p _
exp <g/ dr /d37“ \IJ¢\I!¢\IJ¢\IJT> —
3 \AI2
DIA, Al exp dT d’r A\IQ\I/T + A‘IQ\IJT)
(1.2)

where we assume that A = A(7,r). The next step is to write down
the partition function in a compact form. To do this we introduce the
following Nambu spinors:

o= (04 ¥), d= (%) (1.3)

to obtain that

/D@@/D[A A]exp[ /dT/d3 ( — dG~ 1@)(]

where the matrix G~ is as follows:

—1 —(97—‘{‘82 2m) + A
g :< g —07—02/(2m)—ﬂ>' (1.5)



In deriving (1.4) we use the following properties of Grassmannian fields:

/ dTipdah = Pih— / dr(0;),  hence / dr Yo, = + / dr 0,9,

(1.6)
and similar property for 9*-derivative (integrating by parts twice). Di-
agonal elements of (1.5) correspond to particle ,[Go]11, and hole ,[Gglao,
Green functions. Integrating out fermionic degrees of freedom in (1.4),
we obtain the following effective action for the theory under considera-

tion:
5 (1AF 1
Seg = [ drd’r | — +Indet G . (1.7)
g

Let us find equations of motion for this effective action. Partition func-
tion of the theory is now represented as (up to a numerical coefficient of
proportionality):

Z = /D[A,A] exp {— /)5 dr /d% (%Jrlndetg_l)] (1.8)

Let us rewrite the effective action as:

oo

trinG ™' =trln [Gy ' (14 GoA] =trln Gyt — ) % tr (GoA)™"
n=0
-1 —07+82/(2m) +u 0
= (" ~0.—o2f(2m) ) (1Y)

where odd terms vanish due to zero trace. It is clear that the term
trinG, I represents the energy of free electron gas and the difference
trinGt — trlnG, " on the right hand side of the expansion (1.9) is
the obtain difference in free energy between superconductor and normal
metal. Graphical representation of Indet(1 4+ GyA) expansion is:

where each solid line corresponds to Gy and each wavy line corre-
sponds to the scalar field A. Notice that we do not distinguish the
particle and hole Green functions. Further we will see that A represents
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the condensate up to numerical factor. Formally, it is exact transforma-
tion but further we will truncate this series and try to proof the validity
of this approximation. Let us consider the first term of this expansion:

_ %tr (QOA)Q _ Z[go,p]ll[g07p—q]22|A(Q)|2 _
— —TZZ/G(—iwm + 1wy, —p + Q)G(iwm;p)lA(q)F’ (1.1())

where we have used property that hole Green function corresponds to
particle Green function with opposite arguments. This term can be com-
bined with the term |A]?/g and we see that in 2-nd order in A we have

S = 3" Tliwn, )| Alg) (1.11)

where > , denotes integration over g and the summation over Matrsub-
ara frequencies.

We consider the case of non-zero temperatures. The Dyson equation
for vertex function is

—1
[(iwn, q) = g (1 —gT ) /G(—iwm + iwn, —p + q)G(iwm,p)) :
D

(1.12)
where one can see the new pole appears. We perform integration over

(p) and the summation over Matsubara fermionic frequenices. Thus we
obtain for the second term in (1.12):

Ty /,, G(—iwp, + iwn, —p + q)G (iwm, p) = TZ/p - ;_W)(Z_wm et (1.13)




The integrand of this expression can be rewritten as

1

(—iwm + i — & pig)iwm — &)

= ! ( L 4 ! ) (1.14)
iwn - £—p+q - ‘gp ZWm - gp _Zwm + ZWn — é:—p—i-q . .

Then, we can perform the summation over m for each term separately.
Let us start from the first term:

1 —iwy, — & 19
e R I X

where we neglect imaginary contribution due the fact that w, is odd (as
it should be for fermions). Now we obtain the sum

- 5 Bz
Zw2+§2_6 27?2 (82)? 522tanh7—
p 1 1
P

For the second term one can denote that shifting of m — m — n re-
moves n-dependence and then we have the similar summation but now
we obtain 1/2 —np(—£_p4,) (it is clear from the structure of the ratio).
Finally, we obtain

1 [ 1=np(§) —np(lprg)
T; /p (_iwm + iwn - €—p+q)(iwm — gp) o /p iwn _ gp _ €_p+q - X(wna (D»

(1.17)
where we have used that np(—F) = 1 — np(E). We also can show the
appearance of the pole in the vertex function, signalizing the new bound
state, for that consider static and spatially homogeneous situation which

is defined by w, = 0, ¢ = 0.This assumption reduces our integral from
(1.17) to the following:

/WD dey(e)%?() ~ v (22). (1.18)

—wp



Therefore, we see that the pole in vertex function appears when

T=T.=wpexp (—L) (1.19)
gvF
Now we would like to consider finite but small ¢ and w,, = 0,to cal-
culate the first contribution to GL effective theory(1.11),as we now that
there are not time-derivative terms in GL effective theory. Therefore, we
should evaluate the integral from (1.17) in this consideration:

_ 1 - nF(gp) — nF(gprrq)
x(0,q) = /p A , (1.20)

which we rewrites as

/ 1— nF(fp+q/2) - nF(fp—tﬂ) ~
P Epra/2 T Ep—q/2
N / L —2np(&) + Fne(&)(a-p)/(4m?)
~ g 2€p _
veug® [ de np(e)
12m ) ¢ 0e

VFU% 7¢(3) 9
2472 272 ¢

:X(an) - :X(Ovo) -

(1.21)

In real space, this term gives us r|A|?/2 + ¢|0A|?/2 contribution to GL
effective theory. For static and spatially homogeneous field configura-
tions we have simply have

VF<T — TC)

5T AP (1.22)

x(0,0) =
which corresponds to small deviations near 7.. Then let us consider the
next term in GL effective theory. Straightforward calculation gives (we
explicitly show it in Appendix) that

1 vrp 7C(3
SW =13 Tt (GoA)! = —4;2 32(#2) (1.23)
q C

We see that the key parameter of the expansion is |A|/T < 1. So, we
can truncate other terms in the limit of low temperatures and obtain the
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following expansion for effective action from (1.8) and (1.9):
SeulA, Al :5/d37~ TIAP + SloaP +ulal] (1.24)

which is nothing but the seminal GL effective theory. We would like to
emphasize that using field-theoretical approach we obtain the expansion
which was initially obtained phenomenologically. Moreover, we demon-
strate how coefficients of this expansion can be calculated from micro-
scopic theory. Finally, let us focus on the mean-field approximation
which means that A = Ay = const. Variation of GL-functional (now we
neglect gradient term) gives order parameter value which is minimizing
the energy functional of superconductor:

0SarlA, Al L (T N B o
__EZ___&ﬂﬂ_zm(§+2mAd>._0—+A0_ — (125)

where we substitute calculated values of the expansion coefficients and
find that

A2= ST o (1.26)
0 75(3) c c ) :
which is only valid near 7. Singular behavior of order parameter in the
limit 7" — T, clearly hints at phase transition. To prove this hint, we
calculate the heat capacity near T.. To do it, we substitute (1.26) into
GL-expansion and find that free energy difference between superconduc-
tor and normal metal near 7T, is given by
Fo—F, 4m?
v
which clearly that superconducting state has lower energy than normal
metal. Then, for entropy difference we have

&—&__M%;1_12
Vo 7¢(3) T,

and we see that superconducting phase also has lower entropy. Finally,
for heat capacity one can find

Cs—Cy 8721
Vo ¢3)

9

T —T,)?, (1.27)

(1.28)

(T —T.)%. (1.29)



Keeping in mind that C, = 27?vpT/3, we find that in T = T, heat
capacity hast discontinuity

== (1.30)

All obtained results prove that transition from normal phase to super-
conducting is the second order phase transition. We have seen that all
thermodynamic quantities have universal behavior near T = T,.. There-
fore, the main conclusion of this section is that superconductivity phe-
nomenon is the second order phase transition.

10



1.2 Bogoliubov-deGennes equation

Instead of writing equations of level population and anomalous average,
it is possible to consider time depended Bogoliubov transformation.

_ T
bg— =Uqlq— + Vg0 1,

T

bgt =uqlq — Vgl .

Now assuming that these coefficients satisfy the matrix Schroedinger
equation we can write Bogoliubov-deGennes equation:

o4& ey an

These equations can be modified by adding time-dependent gap equation:
d’q .
A(T) = g / a1 (D), (1.32)

Our notations (2.1) can be write in terms of u and v:

Kq = UgV) ng =v2, 1 —ng=u, (1.33)
SO:
d * *
ST = Ortg X vy + ug X Opvy, (1.34)
d
T = Orvg X vy + vy X Orvy. (1.35)

Using (1.31) we rewright RHS of the (1.34):

d d?

STt = —iAV —ul) — ieviu, = —ig/ ﬁ@(?nq — 1) — 2iegkg,  (1.36)
d e . $Pp L
o = —iA vy + 1Augu, = —zg/ W[kap — kK], (1.37)

which are equivalent to (2.7).
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2 First order

We consider BCS theory of fermionic gas with attractive interaction.
We calculate the time evolution of “normal and anomalous™ expectation
values of the creation and annihilation operators: (a*a) and (aa), re-
spectively. We use Heisenberg’s equations and assume for simplicity the
invariance of the initial state under spatial translations. The extention
to slightly spatially inhomogeneous situations is straightforward. Our

notations are:

(o = (afuts) =30 =D {7 0}, Koo = () =50+ { 0}

(2.1)

Where a,, and a;ga are the annihilation and creation operators. The free
Hamiltonian of the theory under consideration is as follows:

d3p ﬁ?
Ho = Z / Wepa;aapa, €p = % — U. (22)

The interaction term in the interaction representation is:

I B d3py..d3py §3(7, s _, Nt ot i(epy +epy—eps —epy )t
mt(t) -9 W <p1 +p2 — b3 p4>apl+ap2—ap3—ap4+e .
(2.3)

The first order Heisenberg’s equations for the level population and anoma-
lous average are:

diT <afn+aq2+> =1 <[H""t(T)’ acT11+aqz+]> ; (2.4)
g, ) = {[Hia(T), a0 ) 25)

Using Wick’s theorem on the RHS of (2.4)(with “anomalous” expectation
values included) we get the following system of equations:

d L d’p i(2eq—2€,)T i(2ep—2€g)T .,
ar"t = gy | XgXp — € XaXp |5 (2.6)

d L d’p i(2eq—2€,)T
d_TXq =19 (2m)3 e [_ (1 —ng)xp + anp} — 2npXq | ;

12



where we have used the notations (2.1). Pay attantion that as follows
from (2.7) x, remains zero, if it was initially zero. That is because the
Hamiltonian (2.2), (2.3) commutes with the total number of particles:
N = ), 00y ,0pa- It will be shown below that this is reasonable to
rewrite equations in the following form:

d dp [, "
7" = ng |:/ﬁ?q/€p — nqﬁp] : (2.7)

3

d , . d’p
ZTha + 2iegky = ig n)? [(1 — 2nq)/<ap} :

13



3 Dynamical Gorkov’s equations

We use equation of motion for v to write equations for Green’s functions:

2

s =~ (o 4 W) — g0, (3.1)
V2

0 = = (5 + ) v+ gulvvs. (3.2)

We use these equations to derive Dyson - Schwinger equations for the
following functions:

iG(tl,tQ,JI) = <T1/J+(t1,$1)wi(t2,$2)> 5 (33)
iF(tl,tQ, fL’) = <T¢+(t1,$1)¢7(t27$2)> )
iG(ty, to, @) = (TYL(ty, 214 (t2, 22))

where x = x9 — x1. We consider states that are invariant under spatial

translations. Denoting T' = % and 7 =ty — t1, we obtain:

1
aT == 8,51 —+ (9,52, 87- = 5(8152 - 3,51). (36)
Using notation:
=(T) = iF(T,T,0), (3.7)

we obtain the following equations after the Fourier transformation in
spatial directions:

14



i0rG(ty,t2,q) = —g [F(t17t2>Q)E*(t2) + F*(ty, to, )E(tl) ;
(3. 8)
i0rF(t1, 12, q) = +2€,F (t1,t2,q) + [é(tlat% qQ)=(t1) — G(t, ta, )E(b) :
(3. 9)
WOpF*(t1,t2,q) = —2€,F " (t1,12,9) +9[é(7§1,t27€05*(t ) — G(t1,t2,q) ="t 1) ;
(3. 0)
i0rG(t, ta, q) = g[F((t17t27 Q)= (t1) + F*(ty, ta, )E<t2) ;
(3.11)
i0:G(t1,t2,q) = —€,G(t1,t2,q) — g F(ty,t2,q)E*(t2) — F*(t1,ta, Q)= (t1) | + 6(t1 — ta),
2
(3.12)
10, F(t1,t2,q) = —g [é(tlyt% Q=) + G(ti, t2, 2)= <t2)]>
(3.13)
10, F 7 (t1,t2,q) = g[é(tlat27Q)E*(t2) + Gt t2,9)=" (tl)],
(3.14)
i@Té(tl,tg, (]) = Eqé(tl,tg, q) - g F(tl, tg, q)E*(tl) - F+(t1,t2, q)E(tg) — 5(t1 — tg)
’ (3.15)
3.15

The unit on the RHS (3.12) and (3.15) come from the leap of these
functions due to the T-ordering. Assuming that the function = is slow:

=(t)) ~ E(ts) ~ E(T), (3.16)

we make Fourier transformation in 7, = t5 — ¢; (i.e. fully completing the
Wigner transformation):

i%@ﬂ@@z—dﬂﬂ@@?@ﬂ%ﬁ@quT_

*

iOrFH(T,w,q) = —2¢,FH(T,w,q) + g|G(T,w,q)=(T) — G(T,w, q)= T-
q d

@
—
N

JET)], (

i0rF(T,w,q) = +26,F (T, w, q) + g[é(T,w,q)z(T) Gt s, )E(T):, (3.
(1)), (

(1), (

w
—
oo
—  ~— ~—

i0rG(T,w,q) = g | P(T,w,)2"(T) + F*(T,w,q)E(T)|

15



WG(T,w,q) = —,G(T,w,q) — 2 [F(T,w,q)E*(T) - F+(T,w,q)E(T)} +1, (321)

(N}

WF(T,w,q) = =3 | G(T,w,q)2(T) + G(T,w,2(T) |, (3.22)
WF(T,w,q) = g[é(T,w,q)z*(T) + G(T,w,q)E*(T)], (3.23)

WG(T,w,q) = ¢,G(T,w,q) — %[F<T7w> )=*(T) — F*(T,w, q)E(T)} 1. (3.24)
(3.25)

Now we show that these equations are equivalent to (2.7). From (3.7)
and (4.7) we find that:

dwd?p d3p
(2m)* (2m)?

Now taking the integral over w in (3.24), closing the contour in the upper
half plane, we get:

=(T) = iF(T,T,0) = i / F(T,w,p) = / - (3.26)

iaT/‘;—‘;é(T,w,q) :g[/g—:F(T,w,q)z*(T)+/;l—°;F+<T,w,q)E(T)}, (3.27)

. [ &y .
ie. Orng = zg/ 2y |:I€qlip - qulip} . (3.28)

where:
i (T) :i/;i—:F+(T,w,q). (3.29)
Similarly from (3.22) we obtain:
(O + 2ie,)ky = ig / (;ljf;g [(1 - znq)/{p] (3.30)

Which coincides with (2.7).
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4 Stationary solution

Let us see that the stationary soultion of (2.7) is equivalent to the so-
lution of the Gorkov’s equations. Gorkov’s equations are the first order
stationary Dyson equation for ordinary and anomalous Green’s functions
as follows:

Z'G(:L‘httha t2) = <T¢+(I’1, t1)¢1($2,t2)> )
iF (21,0, 39, t2) = (T4 (21, t1)Y— (22, 12)) -

Gorkov’s equations in spatial and time translation invariant situation(x =
xTo — X1, T =19 — t1) are as follows:

(w—¢y) Gw,p) + gF(x =0,7 =0)F"(w,p) + gG(w,p)G(z = 0,7 =0) =1,
(w+e€) Ff'(w,p) + gF (. =0,7 =0)G(w,p) + gF(w,p)G(z = 0,7 =0) = 0.
Absorbing terms with G(xz = 0,7 = 0) into the renormalization of the

chemical potential , we get the following solutions of the equations after
Fourier transform:

B w+ € _ 9=
B A T M oy O PR )
(4.3)
where E, = /A% 4 €2 and
dwd?
A =igF(0) :z‘g/ﬁﬂw,p)- (4.4)

Now let us see that the same solutions follows from (2.7). First there
is the following relation between anomalous Green’s function and the
anomalous expectation value:

dgp d3 ipTriqr —iept—ie d®p e
F(0) = F(z,t|z,t) = // (apraq_) ePriaremiot qt—/WXp(prt-
(4.5)

Hence, to obtain the spatially homogeneous situation we have to repre-
sent:

2iept

Xp = Kpe P, (4.6)

17



and in stationary situation we have that:

d
aﬁp = O,

as A is a constant in equilibrium. Hence from (4.3) we get that:

dw A dw E,—¢
— F = — — = ) —_— — —p p. 4
Kp 2/271' (wap) 28 ) np 2/27_(_G(w7p) 2Ep ( 7)

p

In such a case equations (2.7) transform into:
d 9
ki 0 and 2e¢k, = Z [ — 2ng)Kp + 2Nk, |- (4.8)

Reason why we exclude second term in k equation is that it is possible
to absorb the second term on the RHS of the second equation into the
chemical potential renormalization. Then, from the second relation in
(4.8) we get the gap equation:

9 dp e, A g/ d3p 1
—2 ——— =2 = . 4.
Z ) / @rP E,2E, ~2) @n)P /At e (4.9)

Hence, from (4.8) it follows, that:

g/ & L (4.10)
2) @n)/AT+e '

18



5 Kinetic equations for n, and &, at g* order

We also can derive equations of the second order in g, which can be
related to the resummation of the “sunset” diagrams. The Heisenberg’s
equations for the level population and for the anomalous average are as
follows:

d ) . Bpr.dPpy 5, L L
aT <a;1+aqz+> =1 < [Hint(T)7a;1+aqz+}> = —19/ W{S?’(pl + Po — P — Pa) X (5.1)

Xei(€p1+€p2*6p3*€p4)T |:5(q_'1 —54) <a;1+a;52_ap3_aq2+> — (S(ﬁl — q}) <a21+a2,2_ap3_ap4+> :|,

and

d . . d3p ..d3p . N . .
aT (ag,+ag,—) =i < {Hint(T)a aq1+aqz—]> = *Zg/ (2177)12 453@1 + P2 — P3 — Pa) X (5.2)

Xei(fpl t+epy —€pz —€py )T [5(52 — (TQ) <aq1+a;1+ap3,ap4+> — (5((?1 — ﬁl) <a;27ap3,ap4+aq2,> :| .

To find the second order equations for the level population and for the
anomalous average we have to derive the equations for the expectation
values appearing on the right hand sides of (5.1) and (5.2). Details of
calculations are in Appendix. E.g.

d . /
17 (bt ) = (o0 01)

Pay attention that right hand side of this equation depends only on T’
rather than on 7. Meanwhile the right hand sides of (5.1) and (5.2) are
the functions of T. Then only after the extraction of the fast oscillating
part from x according to (4.6), we can use the kinetic approximation

and take the integral over T
Namely, we assume that while approaching the ground state (Cooper
pair condensate) y oscillates the same way as in (4.6):

Xp(T ) = ”p(T/)emepT )

where £(T") is a slow function of 7" in the kinetic approximation.
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Using Wick’s contractions, we find the following equations:

d 2 T /
—ng = —g / dr
ar T

X [nqnl(l ) (1 =) — (1 —mg)(1 — nl)npnk} -

Epd3kd3l > - /
/ Z(QQT)Q{(SB(kﬁLp—Z—cD cos((ep +e—e—e) (T =T )> X

~ 8 (p+k—1+q) { Hmea) (T gilae) (=) [X;nk(l_nl)Xq_X;(l_nk)anq] —i—h.c} —
_53(p+k_+l CT) |: (ep—e)(T+T )ei(ek—eq)(T—T ) [an;Xl(1_nk)_(1_nq)X;Xlnk] +hC:| }+

d*pd’k i(2ep—2€q)T i(2eq—2€)T" . .
(2m)8 | ¢ [ — NgNgXkXp + (1- nq)(l - nq)XkXp] + h.c.|—

o |:€i(2€p—2€q)T6i(26k—26p)T [XZ;(l — np)(l — np)xq — X,:npnpxq} + h.c} }] ,

d 2 T !
ar =9 )
To
dpdk
/ W{4 [nananp +(1-— nq)nkanp] —

_9pi(26g—26)T i(269—264)T [anqXpXk +(1-— q)xzxpxk] +

| 9ei(2e—26)T’ [ — ngngXan, + (1 —ng)(1 — nq)anp] +
26T [, (1 g+ (1= mny (1~ ] -
_ 0i(2eq—26)T (265 —2q)T’ [ — XiXg(1 = ng)xp — XZanqXp] T
+2¢!(2ea—2e)T [nk”pnqu + (1 - nk)npank} +

+ei(2€q—2€k)T€i(26k_2Ep)Tl |: _ nknk<1 _ nq)Xp i (1 _ nk)(l . nk)(l _ nq)Xp_

—npnEngXy + (1 —ng)(1 — nk)nqxp} }+

d3pd3kd3l / . .
{ 253 q p+l+k) i(eqt+ep—ex—e)(THT) |:— NgXpXkX1 — (1 - nq)XpXle} +

—»

_253<(7_ E—1]— mei(ek—ep)(T+T )ei(eq—ﬁl)(T—T ) [X]:anqXp + X]:(]_ — nl)qup} }] .

And also there is the complex conjugate equations for xj.
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Extracting the fast oscillationg part from y, in accordance with(4.6) and assum-
ing that s, and n, are slow functions of 7" and, then, taking the integral over T' /
in the limits Th — —oo and T" — 400 we obtain the following system of kinetic
equations:

d 2
ﬁnq =g
I R
/ @Tw{53<k+p‘l‘@5<€p+€k—€q—ez> g (1=np) (1)~ (1=g) (1= —

—F+k—14q) [5(% + e — €q — ) [ipnp (1 — ng) kg — k(1 — ng)ngkg] + h.c} -

—SPE+k+1—q {6(% +ex — € — eg)[ngkpri(1 — ng) — (1 —ng)rprmg] + h.c} }—I—

(27)° { - {[6(% —€) [ — ngngkrky + (1 —ng) (1 — nq)ﬁwﬂ " h'c'l N

8(e, — €,) H,{;;u — ) (1 =y )rig — Ky | + h.c.] }

and p
(ﬁ + 2ieq) Kqg = —q°

Epdk [
/ ) {46 Heal5(e,) [nan/@qnp + (1 — nq)nk/ﬁqnp} —

—20(€p) [nqn;mp/ik +(1- nq)/ﬁ;/@'p/ik} +
+26*i(26q)t5(eq) [ — ngngkrn, + (1 —ng)(1 — nq)mknp] +
+26(ep) [nknp(l — gk + (1 — ng)ny(1 — nq)nk} -
—20(e,) [ — Kpkg(l —ng)kp — /{',;/iqanip] +
+25(ex) [nknpnq/-ik + (1 - nk)npnq/ik} +
+d(ex) [—nknk(l—nq)/ip—k(l—nk)(1—nk)(1—nq)/£p—nknknq/£p+(1—nk)(l—nk)nqlip} }+

/ Bpd3kd’l

L { —203(§—p+ 1+ k)d(eg+ e +ex—€p) [— ngkskrky — (1— nq)m;/gkm} +

1283+ k47— Dole, + € + € — €1) [ — ngni(1 = ny)k, — (1= ng)(1 — nk)nlﬁp} -

—263 (7 —k — 1 — P)o(eq + € + €, — €x) [/@anﬁqlﬂp + K1 — nl)/@'qﬁp} }
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5.1 Interpetation of equation for level population

Let us give the physical interpretation of various contribution to the collision integral
in the equations for n,. The standard part of the collision integral is as follows:

—B k- T— Doley + e — eq — ) [nqnl(l — ) (1 — 1) — (1 —ng)(1 — nl)npnk] .

This term looks like particle with momentum q changes the momentum to k due to
interacting with the state. But we should admit that sign of this term is opposite:

SPE+k+1—7) {(5(610 +en — & — €g) [ngkpki(1 —ng) — (1 —ng)rprimyg] + h.c} :

This term looks like particle with momentum k changes the momentum to 1 due to
interacting with the state.

SPF+k -1+ {5(61) + e — €q — ) [pnr (1 — my) kg — K (1 — ng)ngrg] + h.c} :

These two terms correspond to the second order bubble diagrams, which we do
not consider in kinetic equation:

. {[5(% —e) [ — ngngiri + (1= ng) (1 — nq)mkﬁ;} + h.c.} .

“8(ep — €) H/@'Z(l — ) (1= g — Kty | + h.c} .
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5.2 Interpretation of equation for x

Let us give the physical interpretation of various contribution to the collision integral
in the equations for x,. Terms are canceled due to fast oscillation :

4e 2T §(e,) [nanmqnp + (1 - nq)nk/ﬁqnp] ,

and ‘
2T 5(e,) [ — ngngkrn, + (1 —ny)(1 — nq)mknp} :

Two terms above and five terms below correspond to the second order bubble
diagrams, which we do not consider in kinetic equation:

—26(ep) [nq/‘i:;/ﬁ?p/ﬁlk +(1- nq)HZHpK,k],

and
—20(€p) [ — Kpkg(l —ng)ky — KZ/{qnq/{p],

and

d(ex) [—nknk(l —ng)kp+ (1=ng) (L —ng) (1 —ng)kp —npngngrip,+ (1 —ng) (1 —nk)nq/ip] ,

and
28(ex) [rerp(1 = g + (1 = mhmy (1 = ).

and
25 (er) [nknpnqﬁ;k +(1- nk)npnqﬁk] )

Terms are semi-canceled due to energy-momentum conservation. As it impossible
for particle to annihilate into three particles, but there are situations when these
delta-functions are non-zero. :

—20%(q— P+ [+ E)(S(eq + e+ € —€) [ — ngkipkpk — (1 — nq)ﬁ;ﬁkm],
and

253(cf+ k +p— f)é(eq +e+ e —€) [ —ngng(l —ny)k, — (1 —ny)(1 — nk)nl/{p],

and
—28%(7—k —1—pP)0(eg + €1+ €, — €1) [Kznlﬁqﬁp + rKp(1— nl)ﬁqﬁp].

For example, when ¢, # 0 first terms transform to :

—28%(7— p)d(eq — €,)5(ex) [ — ngkpkpky — (1 — nq)l’i',;lfklik} :

23



5.3 Complete equations

Excluding terms corresponding to the bubble diagrams and leaving terms corre-
sponding to the sunset diagrams we obtain complete kinetic equations for n, and
Kqg:

-

d3 d3/<;d3l -
[ p 53(k —p—q)o(er+e€— eq—ep)[(l—nq)(1—np)nmk—nqnp(l—nl)(l—nk)}—

+83(k+1—q-p) |:($(€k +e —eg—ep)[kpnp(l —ny)kg — KE(1 — nyp)nykg) + h.c} +

(5.3)

+83(k+1—q—7p) [5(6k +e —€p —€g)[ngkkp(l —ng) — (1 — ng) R Kpng] + h.c.] } .

d . dPpd3kd3l R x .
<dT+QZeq) kg =g° l/ ](32709{253(q+p+kl)5(eq+6p+ekel) [fnqnl Kikp—(1—ng)K] /{knp] -

—28%(q+ E—Fﬁ— l_j(S(eq +ep+ex—€r) [ —ngnk(l —ny)rp — (L —ng)(1 — nk)nmp} +

— —=

+28%(G+k+7—1)d(eg + e +€p — &) [H;‘nknq/@p + k(1 - nk)/@qﬁp] } . (5.4)
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6 Conclusion and Acknowledgements

There are known solutions for linear oscillating deviations of order pa-
rameter A(T) in the first order in g, we are interested in description these
solutions in terms of our equations (2.6). As our equations appeared to
be more complicated than we expected, it is not obvious how to rewrite
known equations for oscillations around the static solution (4.7).

The main result of our work are kinetic equations (5.3) and (5.4)
in the second order in g. Our further task is to find solutions of these
equations, we expect that there will be solutions that describe some
evolution from non-vacuum order parameter to the right order parameter
(4.7).

The main feature of our work is that our method allow to consider
more complicated interactions like e.g. [ d%]')'g{f‘* V% 5 Aoy, With
non spatial pairing (azaz) # 0°(p — §)xp, which can hopefully be key to
understanding high-temperature superconductivity or condensation in
SHe.

We would like to thank Akhmedov E. for formulation of the problem
and Semenov A., Radkevich A., Bazarov K., Dyakonov D. and Alexan-
drov A. for valuable discussions.

This work was supported by Laboratory of high energy physics MIPT.
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A Coefficients of GL expansion

A.1 2-nd power coefficient

For the second coefficient, we use expansion near T, for distribution
function:

G(T - TC) é?nF
T = T.) — Al
nF(Eu ) nF(eu ) T e ( )
and substitute this expansion into (1.18). It gives
T 1T,
RNk A2
N (A2)

A.2 4-th power coefficient

1 T|A* 1
SW = —tr (QOA)4 = — /—, (A.3)
R T2 ey

where we have used that §, = {_,, and connection between particle and

hole Green functions. Using (?7), one can easily obtain

1 IR SR S| 1
D R 0 3 (T A B (W e e

(A.4)
Introducing new variable 5¢,/2 = x, we find that
1 1 tanh 1
N — A5
zn: (2n+1)%72 + (8y)?)? 3222 < T cosh? x) (A.5)

Then we calculate integral over momenta by approximating integration
over Fermi surface and case of low temperatures, which gives

/OOO dx (tanhx 1 ) _ _7g(23)7 (A6)

2?2 T cosh® x 7

where we have used Weirstrass theorem, which allows us to represent
cosh x as infinite product

coshz =[] (1 + ﬁ) (A.7)

n>0
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and then apply logarithmic derivative to obtain

tanh x
= A8
T ;(2n+1)2+4x2’ (A-8)
which we differentiate this one more time,
1 o Z (Zn + ].)27'['2 — 45132 (A 9)
cosh’z ((2n + 1)272 + 422)%’ '

n>0

then calculate integral over x and perform summation with help of Rie-
mann &-function. Finally, we find

7¢(3)
SW=-3%" T NG (A.10)
q C
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A.3 Calculations in the ¢° order

To find the second order equations for the level population and for the
anomalous average we have to derive the equations for the expectation
values appearing on the right hand sides of (5.1) and (5.2). These equa-
tions for the expectation values are the following:

/

d .
dT’ <a;1+a£2ap3_aq2+> —! <[Hmt(T )’ a;1+a;2ap3—an+]> )

!

d .
dT’ <a21+a;22_ap3_ap4+> ! <[Hmt(T )’ Clj]1+a;2_ap3_ap4+]> )

d :
aT <CLQ1+CL;[|;1+a'p3_ap4+> =1 <[Himf(T

/!

T
)7 CLQ1+ap1+ap3—ap4+] )

d .
dT/ <a;;2—ap3ap4+a’fh> =1 <[H1nt(T

Using Wick’s theorem and then integrating all impulses that possible
we obtain:

/!

), ajog—ap3ap4+%]> :

Tt Tt —
<[ak1+ak2—ak3—ak4+’ aP1+aP2—ap3_aq2+} -

= 0% (ky + §2)8° (ka — k3)0® (B1 — Ka) 0% (B3 + @) [— X, s (Mg — 1) Xaa + Xy Tk (1) X ) —

—6° (k1 + p2)0° (k2 — §3)0° (51 — ka)0® (s + @) DX, ks (1 — 1k )Xae — Xy (1 = T2y )70k, X ] —
—03(ky + D) 0% (ko — §3)0° (1 — @) 0% (ks + ka) X, Toka Moy Xy — X5y (M — 1)1y X ]+

+0% (k1 — G2)6° (ko — k3)0® (B1 — Ka)0® (s — P2) [Py oy (1 — 1k 1y — (1 = 1, )y Tk Ty —

_53(];1 - 6’2)63(];2 - E3)63(ﬁ3 + E4)63(ﬁ1 +ﬁ2)[nk1nkzxk4X;1 + (1 - nkl)nklemX;l]_

28



—63(By — @)8% (Ko + 11)8° (7 + Ka)8° (K3 — ) [0 X5, Xt (1= 1ky) — (1 = 1oy ), X Tk} —

—8% (k1 — 32)8% (ko + 51)0° (k3 + k)8 (B3 — P2) [y X5y XkaTops + (1 — 101y )Xo, Xoa Ty ] —

—0% (k1 — 32)8% (ka — P5)0° (ks + k)6 (B + ) [= ey kX X, + (1= e ) (1= 10, )Xk 5, |+

+63<E1 - 52)53(E2 _ﬁ3)53(ﬁl - E4)53(E3 _ﬁQ)[nklnkz (1 - npl)(l - nka) - (1 — Nk )(1 - nkz)nplnk?,}_

—03(ky + k)03 (k3 — 72)0% (7 — ka)6® (73 + @) Xk, (1 — nkg) (1 = My ) — Xy Tk Top X ) —

—53(ky + k)83 (ks — P2)0° (1 — @) 0% (B3 + ka) [, (1 — Mg Ty Xooa — Xy Tk Ty Xk ) —

—63 (K1 + ka)8° (s + @)6° (51 — k)8 (5 — 52) [~ Xy Xao (1 = T Vs — Xy Xata Topn T | —

—83(By — ka)0 (s + 71)0% (B — k3)0% (B3 + @) [ X5y (s — D)X — Tk Xy Topa X ] —

—03(ky — ka) 0% (ko — P3) 0% (71 + §2)0° (K3 + @) Moy Mk Xy X + ey (1 = 1013 ) X, Xaa) +

+53(El - E4)53(E2 _53)63(ﬁ1 - 52)53(123 - ﬁg)[nleLk2nq2(1 - npz) - n/ﬁ(l - nkz)nfnnpz]
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<[a£l+az2_ak3_ak4+,a21+a;r,2_ap3_ap4+}> =
= —8%(k1 + 1) 0% (ks — k3)0% (@1 — k) (B3 + 5a) Xy s (s — 1) Xoa — Xy Tz (1000 ) Xpa | —
—03(ky + D) 8% (k2 — §3)0° (@1 — ka) 8% (ks + Ba) X, 70a (1 — 1y ) Xpa — Xy (1 = ey )0y X ) —
—6%(ky + P2) 0% (k2 — P3)6° (@1 — Pa)6° (ks + k) Xk, Mka gy Xk — Xy (ke — 1), X ]+
+6%(ky — §a)0° (ko — k3)0% (@i — ka)3° (53 — Do) [y iy (1 — Mg )y — (1 — T )by My Ty | —
—8%(ky — Pa)5° (ko — F3)6° (B + ka)0® (@1 + 52) [y ks Xoea Xy + (1= 108 )70k Xa X, |
—6° (k1 — pa)0® (B + G1)0° (95 + Ka)0° (ks — Fa) [0y Xy Xea (1 — ky) — (1 = 70k, )X, Xa Pk —
—6%(ky — Pa)0% (ka + q1)8° (k3 + ka)8° (P — D2) [Py Xgy XkeaTps + (1 = 10k ) Xy Xbea Tops | —
—5%(ky — Pa) 0% (ko — §3)0° (ks + k)8 (@ + P2 ) [— 1y oy Xoea Xy + (1= 10 ) (1 = 7y ) X X0, 1+
85 (k1 — pa) 8% (ko — §3)8° (@1 — ka) 0% (s — F2) [10gey ey (1 — 120, ) (1 — meg) — (1= i, ) (1 — 1y )y Mok ) —
— 0%k + k)0 (ks — 72)6° (G — Fa) 6 (P + D) X7, (1 — 1k ) (1 = 1gy) = X, Py X | —
— 03 (K + k2)0 (ks — Do) 0% (qh — Pa)0° (s + E4)[—X21 (1 = kg ) gy Xbea = Xy s gy Xea | —
— 8% (k1 + k) 0° (ks + P1)6% (@1 — Fka)0® (73 — P2)[= Xy Xpa (1 = 1g3 ) Tpy — Xy XpaTqs Moo ] —
—8% (R — Fa)3% (ks + §)8° (B2 — Es)8° (B + 54) [ X, (s — 1)Xs = My X Mo Xipa| =
— 8% (k1 — ka)8® (Fa — §3)6° (G + P2)0° (Ks + Pa) [P, 0k X X+ M (1= 1) X5 Xopa 1+
+6%(ky — kg)0° (ko — P3)0%(qy — Pa)0° (ks — D2) [10hy My My (1 = 11, ) — ey (1 = mpy ), M, |
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i 1 i _
<[ak1+ak2—ak3—ak4+> aq1+ap1+ap3—ap4+] =

= 5% (k1 — §1)8° (k3 — k2)8° (1 — ka)8° (B3 + 5a) [gs ks (1 = 7010, ) Xopa — (1 = Togy )01y Ty X |
+0% (ky — 1)0% (ks — k2)6° (B + ka)0% (51 — Pa) [0y ks Xa iy + (1 = g, Yy Xy T, | —
—0% (k1 — @1)0% (k2 + 11)6° (B3 + k4)0% (ks + Ba) (=120, X oy Xpa Xps — (1 = Mgy )Xo Xoea Xra) —
—83(ky — §1)0% (ks + P1)0% (s + §a)6° (ks + EAL)[”qu;lngXM + (1 = ng, ) Xp, Xpa Xkeal +
+6% (k1 — q1)0% (K — P3)0° (K3 + ka)8° (71 — Pa)[—1gs My XksTopr + (1 — 10y ) (1 = Ty ) X Topy |+
+83 (k1 — 41)0° (ka2 — 73)8° (51 — Ka) 3% (k3 + ) [~ gy ks (1 — 1y )Xy — (1= 126, ) (1 — 0y )10 Xpa ]+
+0%(ky — P1)8% (R — k3)6° (B1 — ka) 0% (B3 + @) [~ 10y ey (1 — 1) Xy + (1 = ey )Mty Ty X )+
+6%(ky — §4)0% (K — k)% (51 — §1)0° (ka + P3) [k ey (1 — 129 ) Xk + (1 = 70, )y (1 — 129, ) X ] —
—6%(ky — Pa)0% (kz + p1)6° (ks + k)8 (55 + G0)[= ks X Xoea Xar — (1 = Tk )Xo, Xka X ) —
—03(ky — Pa) 0% (ko + §1)0° (B3 + ka)8° (B3 + @0) [y X oy X Xan + (1 = 100 )Xoy Xoa Xaa ) —

+53(E1 _ﬁ4)53(];;2 _53)53<E3 +E4)53(ﬁl —§1)[_nk1nk2Xk4 (1 _nq1) + (1 _nkl)(l _nkz)xk4(1 _nQ1)}+

+83 (k1 — 5a) 0% (K — P3)0% (ks + @) (Br — k) [y Ty Xy (1 — 1) + (1 — 1230y ) (1 — 701y ) Xy Mok ) —
—83 (k1 + k2)8% (ks + G1)8% (kg — 71)0° (B3 + 51) [~ X, Xax (1 = Mot ) Xpa — Xos X Tk Xpa) —
—6% (k1 + F2)6° (ks + P1)0° (ka — §1)0° (B + G1) Xk, Xpa (1 = 7ks)Xan + Xou Xpa Pk X |+
+0% (k1 — ka)0® (k. — 93)0° (ks + G1)0° (B1 — §4) [y Tk Xea My + Tk, (1 — Tk ) Xy Ty
+0% (k1 — ka)6° (ka — 93)8% (ks + Pa) 0% (B1 — @) [y Mea Xpa (1 = Mg ) + 1y (1 = ey )X (1 = gy )]
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<[a;rcl+a£2—aks—ak4+aa;r;z—aps—ap4+aqz—]> =
= —03(ky + P2) 0% (kg — 3)0° (ks + k)03 (o + P4) [X Gy Mo Xbea Xpa + Xy (1 = Tk ) Xty Xpa | —
—83(ky + P)0% (K — 73)6° (K3 + P1)8° (G + k) [ XE, 2o Xka Xpa — Xy (1 = Ty ) Xia X —
—8% (k1 + P2)0% (k2 — @)% (s + ka) (D3 + P1) =X Tea Xa Xps — X (1 = Ty )X Xipa ) —
—6° (1 + p2)0° (B2 — §2)8° (ks + Pa)0° (93 + Ka) [X, ok Xoes Xs + Xy (1 = Tk ) Xt Xpa )
+53(Fy — 71)8% (Ko — Ka) (B — 13)0% (@ + Fa) [~ 1oy Mooy o Xoes — (1 = Ty Y0k oy oy |+
+53(E1 — 174)53(Ez - E3)53(52 — )8 (s + E4)[”k1nkznp2Xk4 + (1 = ey )by My Xkey ]+
+85 (k1 — pa) 0% (ko — P3) 8% (B — G2) 8% (ks + Ka) [ ey My Xy — (1 — 1y ) (1 — Ty Yy Xoea
+6%(ky — §a)6° (ko — 73)0° (Fa — K3)0° (G2 + ka) [y iy (1 — 1y )Xk + (1 — 700y ) (1 — 70k, )y Xk | F
+0° (ky — pa)0% (ka2 — G2)8° (2 — §3)0° (ks + Ka) [0k, Mk o Xy — (1= ey ) (1= iy )1y Xy 1+
+0% (k1 — pa)6° (k2 — G2)0% (P2 — k3)0° (B3 + Fa) [y Ty (1 — 1) X + (1 = 10 ) (1 = 70y )10 Xy ] —
—0% (k1 + k2)6° (B2 — k3)0% (@ + 51)0% (35 + Ka) [, (1 = Mpy )Xo Xpa — X p Xoea X —
—63 (1 + k2)8° (B2 — k3)8% (55 + 54)0° (@2 + Ea) Xk, (1 = Mpa ) Xoa Xpa + Xy Topa Xooa Xpa |+
+6° (ky — ka)8% (ki — §3)0% (ks — 52)0° (B4 + @) [k, ks (1 = 100 ) Xps — 1y (1 — My )10y X+
+0% (k1 — ka)0® (ka — 93)0° (ks + §a) 0% (B2 — @) [y M s X + Ty (1 — Tk )T Xpa
+0% (ky — ka)0% (k2 — 2)6° (ks — D2)0% (B + Ps) [— 10k ks (1 = 7y ) Xops + 10k, (1 = 12y 1y X ]+
83 (k1 — ka)0% (ko — )0 (ks + Da) 8% (o — 3) [~ 70key Tk Tipy Xy — Tty (1 = Ty )70, X
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/ dgpl..d3p4d3k1 d3k4

3/ = N N N . _ _ - — - — ’
(271’)12 ) (p1+p2—p3_p4)el(ep1+€p2 €p3 5p4)t.JS(k1+k2_k3_k4)ei(€k1+5k2*6k3*6k4)t,

837 — 7 T T
6°(q1 — Pa) <[“k1+ak2—ak3*‘lk4+vaztl+a;2—apsfaq2+]> =

[ Ppdkddl L
- _/Wé (@1 — G2)0° (k — D)e' =2 [—xny xg] -
& pd3d’l

_ 53 7 A 53 g ];;__) pod i(épfeq)(t+tl i(e;—e _¢ *
/ myp O (@R (Rl d)e Jeltrm )=t [y sy (1—na) xg =X (1=nk)nux) -

Bpd3kdsl L ,
_/75 (G — @)% (F+ e PP [xongxi]+

@’
Bpd3kddl
— — 3,7
/(27T)9 (¢ — 32)0° (L — @) [ngni (1 — ni)ny — (1 — ng)ngnyny|—
Bpdkd3l q ,
- [ - e @) i)

- / d*pd®kd’l

53 7o 53 = E 7 i(ep—e )(tthl) i(er—e e *
(2m)? (q1—q2)6° (P+k+1—q)e ' el ) o xa(1—ng) — (1=ng )X xine] —

_/d3Pd3kd3153 = 23T i(2eq—26k)t
(2m)? (q1 = 2)0° (1 = @)e" == Ingx] Xy + (1 — ng) X XEp]—

/d3pd3kd3l63(ﬂ (T (2, 26,0t i /
— - _ _ i(2€p—2€4)t Ji(2€4—2€x *
@) G — 3)6° (1 — Qe e k)t [—ngnixex, + (1 = ng)(1 —n1)xeX,]+
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